11
All helium on earth is from the decay of naturally occurring
heavy radioactive elements such as uranium. Each alpha particle
that is emitted ends up claiming two electrons, which makes it a
helium atom. If the original 238 U atom is in solid rock (as opposed
to the earth’s molten regions), the He atoms are unable to diffuse
out of the rock. This problem involves dating a rock using the
known decay properties of uranium 238. Suppose a geologist finds
a sample of hardened lava, melts it in a furnace, and finds that it
contains 1230 mg of uranium and 2.3 mg of helium. 238 U decays by
alpha emission, with a half-life of 4.5 × 109 years. The subsequent
chain of alpha and electron (beta) decays involves much shorter halflives, and terminates in the stable nucleus 206 Pb. Almost all natural
uranium is 238 U, and the chemical composition of this rock indicates
that there were no decay chains involved other than that of 238 U.
(a) How many alphas are emitted per decay chain? [Hint: Use
conservation of mass.]
(b) How many electrons are emitted per decay chain? [Hint: Use
conservation of charge.]
√
(c) How long has it been since the lava originally hardened?
12
When light is reflected from a mirror, perhaps only 80% of
the energy comes back. One could try to explain this in two different
ways: (1) 80% of the photons are reflected, or (2) all the photons are
reflected, but each loses 20% of its energy. Based on your everyday
knowledge about mirrors, how can you tell which interpretation is
correct? [Based on a problem from PSSC Physics.]
13
Suppose we want to build an electronic light sensor using an
apparatus like the one described in subsection 13.2.2 on p. 844. How
would its ability to detect different parts of the spectrum depend on
the type of metal used in the capacitor plates?
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14
The photoelectric effect can occur not just for metal cathodes
but for any substance, including living tissue. Ionization of DNA
molecules can cause cancer or birth defects. If the energy required
to ionize DNA is on the same order of magnitude as the energy
required to produce the photoelectric effect in a metal, which of the
following types of electromagnetic waves might pose such a hazard?
Explain.
60 Hz waves from power lines
100 MHz FM radio
microwaves from a microwave oven
visible light
ultraviolet light
x-rays
15
(a) Rank-order the photons according to their wavelengths,
frequencies, and energies. If two are equal, say so. Explain all your
answers.
(b) Photon 3 was emitted by a xenon atom going from its secondlowest-energy state to its lowest-energy state. Which of photons 1,
2, and 4 are capable of exciting a xenon atom from its lowest-energy
state to its second-lowest-energy state? Explain.
16
Which figure could be an electron speeding up as it moves
to the right? Explain.
17
The beam of a 100-W overhead projector covers an area
of 1 m × 1 m when it hits the screen 3 m away. Estimate the
number of photons that are in flight at any given time. (Since this
is only an estimate, we can ignore the fact that the beam √is not
parallel.)

Problem 15.

18
In the photoelectric effect, electrons are observed with virtually no time delay (∼ 10 ns), even when the light source is very weak.
(A weak light source does however only produce a small number of
ejected electrons.) The purpose of this problem is to show that the
lack of a significant time delay contradicted the classical wave theory of light, so throughout this problem you should put yourself in
the shoes of a classical physicist and pretend you don’t know about
photons at all. At that time, it was thought that the electron might
have a radius on the order of 10−15 m. (Recent experiments have
shown that if the electron has any finite size at all, it is far smaller.)
(a) Estimate the power that would be soaked up by a single electron
√
in a beam of light with an intensity of 1 mW/m2 .
(b) The energy, Es , required for the electron to escape through the
surface of the cathode is on the order of 10−19 J. Find how long it
would take the electron to absorb this amount of energy, and explain
why your result constitutes strong evidence that there is something
√
wrong with the classical theory.

Problem 16.
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19
In a television, suppose the electrons are accelerated from rest
through a voltage difference of 104 V. What is their final wavelength?
√
20
Use the Heisenberg uncertainty principle to estimate the
minimum velocity of a proton or neutron in a 208 Pb nucleus, which
has a diameter of about 13 fm (1 fm=10−15 m). Assume that the
speed is nonrelativistic, and then check at the end whether
this
√
assumption was warranted.
21
Find the energy of a particle in a one-dimensional box of
length L, expressing your result in terms of L, the particle’s mass
m, the number of peaks and valleys n in the wavefunction,
and
√
fundamental constants.
22
A free electron that contributes to the current in an ohmic
material typically has a speed of 105 m/s (much greater than the
drift velocity).
√
(a) Estimate its de Broglie wavelength, in nm.
(b) If a computer memory chip contains 108 electric circuits in a √1
cm2 area, estimate the linear size, in nm, of one such circuit.
(c) Based on your answers from parts a and b, does an electrical
engineer designing such a chip need to worry about wave effects
such as diffraction?
(d) Estimate the maximum number of electric circuits that can fit on
a 1 cm2 computer chip before quantum-mechanical effects become
important.
23
In classical mechanics, an interaction energy of the form
U (x) = 12 kx2 gives a harmonic oscillator: the particle moves back
p
and forth at a frequency ω = k/m. This form for U (x) is often
a good approximation for an individual atom in a solid, which can
vibrate around its equilibrium position at x = 0. (For simplicity, we
restrict our treatment to one dimension, and we treat the atom as
a single particle rather than as a nucleus surrounded by electrons).
The atom, however, should be treated quantum-mechanically, not
clasically. It will have a wave function. We expect this wave function
to have one or more peaks in the classically allowed region, and we
expect it to tail off in the classically forbidden regions to the right
and left. Since the shape of U (x) is a parabola, not a series of flat
steps as in figure m on page 875, the wavy part in the middle will
not be a sine wave, and the tails will not be exponentials.
(a) Show that there is a solution to the Schrödinger equation of the
form
2
Ψ(x) = e−bx ,
and relate b to k, m, and ~. To do this, calculate the second derivative, plug the result into the Schrödinger equation, and then find
what value of b would make the equation valid for all values of x.
This wavefunction turns out to be the ground state. Note that this
wavefunction is not properly normalized — don’t worry about that.
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(b) Sketch a graph showing what this wavefunction looks like.
(c) Let’s interpret b. If you changed b, how would the wavefunction look different? Demonstrate by sketching two graphs, one for
a smaller value of b, and one for a larger value.
(d) Making k greater means making the atom more tightly bound.
Mathematically, what happens to the value of b in your result from
part a if you make k greater? Does this make sense physically√when
you compare with part c?
24
(a) A distance scale is shown below the wavefunctions and
probability densities illustrated in figure e on page 888. Compare
this with the order-of-magnitude estimate derived in subsection 13.4.4
for the radius r at which the wavefunction begins tailing off. Was
the estimate on the right order of magnitude?
(b) Although we normally say the moon orbits the earth, actually
they both orbit around their common center of mass, which is below
the earth’s surface but not at its center. The same is true of the
hydrogen atom. Does the center of mass lie inside the proton, or
outside it?

Problem 25.

25
The figure shows eight of the possible ways in which an
electron in a hydrogen atom could drop from a higher energy state to
a state of lower energy, releasing the difference in energy as a photon.
Of these eight transitions, only D, E, and F produce photons with
wavelengths in the visible spectrum.
(a) Which of the visible transitions would be closest to the violet
end of the spectrum, and which would be closest to the red end?
Explain.
(b) In what part of the electromagnetic spectrum would the photons
from transitions A, B, and C lie? What about G and H? Explain.
(c) Is there an upper limit to the wavelengths that could be emitted
by a hydrogen atom going from one bound state to another bound
state? Is there a lower limit? Explain.
26
Find an equation for the wavelength of the photon emitted when the electron in a hydrogen atom makes a transition√ from
energy level n1 to level n2 .
27
Estimate the angular momentum of a spinning basketball,
in units of ~. Explain how this result relates to the correspondence
principle.
28
Assume that the kinetic energy of an electron in the n = 1
state of a hydrogen atom is on the same order of magnitude as the
absolute value of its total energy, and estimate a typical speed at
which it would be moving. (It cannot really have a single, definite
speed, because its kinetic and interaction energy trade off at different
distances from the proton, but this is just a rough estimate of a
typical speed.) Based on this speed, were we justified in assuming
that the electron could be described nonrelativistically?
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29
Before the quantum theory, experimentalists noted that in
many cases, they would find three lines in the spectrum of the same
atom that satisfied the following mysterious rule: 1/λ1 = 1/λ2 +
1/λ3 . Explain why this would occur. Do not use reasoning that
only works for hydrogen — such combinations occur in the spectra
of all elements. [Hint: Restate the equation in terms of the energies
of photons.]
30
The wavefunction of the electron in the ground state of a
hydrogen atom is
Ψ = π −1/2 a−3/2 e−r/a ,
where r is the distance from the proton, and a = 5.3 × 10−11 m is a
constant that sets the size of the wave.
(a) Calculate symbolically, without plugging in numbers, the probability that at any moment, the electron is inside the proton. Assume
the proton is a sphere with a radius of b = 0.5 fm. Do not use calculus. [Hint: Does it matter if you plug in r = 0 or r = b in the
√
equation for the wavefunction?]
√
(b) Calculate the probability numerically.
(c) Based on the equation for the wavefunction, is it valid to think
of a hydrogen atom as having a finite size? Can a be interpreted
as the size of the atom, beyond which there is nothing? Or is there
any limit on how far the electron can be from the proton?
31
Use physical reasoning to explain how the equation for the
energy levels of hydrogen,
En = −

mk 2 e4 1
· 2,
2~2
n

should be generalized to the case of an atom with atomic number Z
that has had all its electrons removed except for one.
32
A muon is a subatomic particle that acts exactly like an
electron except that its mass is 207 times greater. Muons can be
created by cosmic rays, and it can happen that one of an atom’s
electrons is displaced by a muon, forming a muonic atom. If this
happens to a hydrogen atom, the resulting system consists simply
of a proton plus a muon.
(a) Based on the results of section 13.4.4, how would the size of a
muonic hydrogen atom in its ground state compare with the size of
the normal atom?
(b) If you were searching for muonic atoms in the sun or in the
earth’s atmosphere by spectroscopy, in what part of the electromagnetic spectrum would you expect to find the absorption lines?
33
An electron is initially at rest. A photon collides with the
electron and rebounds from the collision at 180 degrees, i.e., going
back along the path on which it came. The rebounding photon has a
different energy, and therefore a different frequency and wavelength.
Show that, based on conservation of energy and momentum, the
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difference between the photon’s initial and final wavelengths must
be 2h/mc, where m is the mass of the electron. The experimental
verification of this type of “pool-ball” behavior by Arthur Compton
in 1923 was taken as definitive proof of the particle nature of light.
Note that we’re not making any nonrelativistic approximations. To
keep the algebra simple, you should use natural units — in fact, it’s
a good idea to use even-more-natural-than-natural units, in which
we have not just c = 1 but also h = 1, and m = 1 for the mass
of the electron. You’ll also probably want to use the relativistic
relationship E 2 − p2 = m2 , which becomes E 2 − p2 = 1 for the
energy and momentum of the electron in these units.
34
Generalize the result of problem 33 to the case where the
photon bounces off at an angle other than 180◦ with respect to its
initial direction of motion.
35
On page 875 we derived an expression for the probability
that a particle would tunnel through a rectangular barrier, i.e., a
region in which the interaction energy U (x) has a graph that looks
like a rectangle. Generalize this to a barrier of any shape. [Hints:
First try generalizing to two rectangular barriers in a row, and then
use a series of rectangular barriers to approximate the actual curve
of an arbitrary function U (x). Note that the width and height of
the barrier in the original equation occur in such a way that all that
matters is the area under the U -versus-x curve. Show that this is
still true for a series of rectangular barriers, and generalize using an
integral.] If you had done this calculation in the 1930’s you could
have become a famous physicist.
36
Show that the wavefunction given in problem 30 is properly
normalized.
37
Show that a wavefunction of the form Ψ = eby sin ax is
a possible solution of the Schrödinger equation in two dimensions,
with a constant potential. Can we tell whether it would apply to a
classically allowed region, or a classically forbidden one?
38
Find the energy levels of a particle in a three-dimensional
√
rectangular box with sides of length a, b, and c.
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39
Americium-241 is an artificial isotope used in smoke detectors. It undergoes alpha decay, with a half-life of 432 years. As
discussed in example 18 on page 876, alpha decay can be understood
as a tunneling process, and although the barrier is not rectangular
in shape, the equation for the tunneling probability on page 876
can still be used as a rough guide to our thinking. For americium241, the tunneling probability is about 1 × 10−29 . Suppose that
this nucleus were to decay by emitting a tritium (helium-3) nucleus
instead of an alpha particle (helium-4). Estimate the relevant tunneling probability, assuming that the total energy E remains the
same. This higher probability is contrary to the empirical observation that this nucleus is not observed to decay by tritium emission
with any significant probability, and in general tritium emission is
almost unknown in nature; this is mainly because the tritium nucleus is far less stable than the helium-4 nucleus, and the difference
in binding energy reduces the energy available for the decay.
40
As far as we know, the mass of the photon is zero. However,
it’s not possible to prove by experiments that anything is zero; all
we can do is put an upper limit on the number. As of 2008, the
best experimental upper limit on the mass of the photon is about
1 × 10−52 kg. Suppose that the photon’s mass really isn’t zero, and
that the value is at the top of the range that is consistent with
the present experimental evidence. In this case, the c occurring in
relativity would no longer be interpreted as the speed of light. As
with material particles, the speed v of a photon would depend on its
energy, and could never be as great as c. Estimate the relative size
(c − v)/c of the discrepancy in speed, in the case of a photon with
a frequency of 1 kHz, lying in the very low frequency radio range.
. Answer, p. 936
41
Hydrogen is the only element whose energy levels can be
expressed exactly in an equation. Calculate the ratio λE /λF of the
wavelengths of the transitions labeled E and F in problem 25 on
p. 904. Express your answer as an exact fraction, not a decimal
approximation. In an experiment in which atomic wavelengths are
being measured, this ratio provides a natural, stringent check √
on the
precision of the results.
42
Give a numerical comparison of the number of photons
per second emitted by a hundred-watt FM radio transmitter
and
√
a hundred-watt lightbulb.
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43
On pp. 890-891 of subsection 13.4.4, we used simple algebra to
derive an approximate expression for the energies of states in hydrogen, without having to explicitly solve the Schrödinger equation. As
input to the calculation, we used the the proportionality U ∝ r−1 ,
which is a characteristic of the electrical interaction. The result for
the energy of the nth standing wave pattern was En ∝ n−2 .
There are other systems of physical interest in which we have
U ∝ rk for values of k besides −1. Problem 23 discusses the ground
state of the harmonic oscillator, with k = 2 (and a positive constant of proportionality). In particle physics, systems called charmonium and bottomonium are made out of pairs of subatomic particles called quarks, which interact according to k = 1, i.e., a force
that is independent of distance. (Here we have a positive constant
of proportionality, and r > 0 by definition. The motion turns out
not to be too relativistic, so the Schrödinger equation is a reasonable approximation.) The figure shows actual energy levels for these
three systems, drawn with different energy scales so that they can
all be shown side by side. The sequence of energies in hydrogen
approaches a limit, which is the energy required to ionize the atom.
In charmonium, only the first three levels are known.8

Problem 43.

Generalize the method used for k = −1 to any value of k, and
find the exponent j in the resulting proportionality En ∝ nj . Compare the theoretical calculation with the behavior of the actual
en√
ergies shown in the figure. Comment on the limit k → ∞.
44
The electron, proton, and neutron were discovered, respectively, in 1897, 1919, and 1932. The neutron was late to the party,
and some physicists felt that it was unnecessary to consider it as
fundamental. Maybe it could be explained as simply a proton with
an electron trapped inside it. The charges would cancel out, giving
the composite particle the correct neutral charge, and the masses
at least approximately made sense (a neutron is heavier than a proton). (a) Given that the diameter of a proton is on the order of
10−15 m, use the Heisenberg uncertainty principle to estimate the
√
trapped electron’s minimum momentum.
√
(b) Find the electron’s minimum kinetic energy.
(c) Show via E = mc2 that the proposed explanation fails, because
the contribution to the neutron’s mass from the electron’s kinetic
energy would be many orders of magnitude too large.

8

See Barnes et al., “The XYZs of Charmonium at BES,” arxiv.org/abs/
hep-ph/0608103. To avoid complication, the levels shown are only those in the
group known for historical reasons as the Ψ and J/Ψ.
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45
Suppose that an electron, in one dimension, is confined to a
certain region of space so that its wavefunction is given by


if x < 0
0
Ψ = A sin(2πx/L) if 0 ≤ x ≤ L


0
if x > L
Determine the constant A from normalization.

√

46
In the following, x and y are variables, while u and v are
constants. Compute (a) ∂(ux ln(vy))/∂x, (b) ∂(ux ln(vy))/∂y.
√
47
(a) A radio transmitter radiates power P in all directions, so
that the energy spreads out spherically. Find the energy density at
√
a distance r.
(b) Let the wavelength be λ. As described in example 8 on p. 848,
√
find the number of photons in a volume λ3 at this distance r.
(c) For a 1000 kHz AM radio transmitting station, assuming reasonable values of P and r, verify, as claimed in the example, that
the result from part b is very large.

Key to symbols:
easy
typical
challenging
difficult
very difficult
√
An answer check is available at www.lightandmatter.com.
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Exercises
Exercise 13A: Quantum Versus Classical Randomness
1. Imagine the classical version of the particle in a one-dimensional box. Suppose you insert
the particle in the box and give it a known, predetermined energy, but a random initial position
and a random direction of motion. You then pick a random later moment in time to see where
it is. Sketch the resulting probability distribution by shading on top of a line segment. Does
the probability distribution depend on energy?
2. Do similar sketches for the first few energy levels of the quantum mechanical particle in a
box, and compare with 1.
3. Do the same thing as in 1, but for a classical hydrogen atom in two dimensions, which acts
just like a miniature solar system. Assume you’re always starting out with the same fixed values
of energy and angular momentum, but a position and direction of motion that are otherwise
random. Do this for L = 0, and compare with a real L = 0 probability distribution for the
hydrogen atom.
4. Repeat 3 for a nonzero value of L, say L=~.
5. Summarize: Are the classical probability distributions accurate? What qualitative features
are possessed by the classical diagrams but not by the quantum mechanical ones, or vice-versa?
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Three Essential Mathematical Skills
More often than not when a search-and-rescue team finds a hiker
dead in the wilderness, it turns out that the person won a Darwin
Award by not carrying some item from a short list of essentials, such
as water and a map. There are three mathematical essentials in this
course.

1. Converting units
basic technique: subsection 0.1.9, p. 29; conversion of area, volume, etc.: subsection 0.2.1, p. 35
Examples:

0.7 kg ×

103 g
= 700 g.
1 kg

To check that we have the conversion factor the right way up (103
rather then 1/103 ), we note that the smaller unit of grams has been
compensated for by making the number larger.
For units like m2 , kg/m3 , etc., we have to raise the conversion
factor to the appropriate power:
4 m3 ×



103 mm
1m

3

3
m
×
= 4 × 109 

mm3
3
m


= 4 × 109 mm3

Examples with solutions — p. 48, #6; p. 52, #31
Problems you can check at lightandmatter.com/area1checker.
html — p. 48, #5; p. 48, #4; p. 48, #7; p. 52, #22; p. 53, #40

2. Reasoning about ratios and proportionalities
The technique is introduced in subsection 0.2.2, p. 36, in the
context of area and volume, but it applies more generally to any
relationship in which one variable depends on another raised to some
power.
Example: When a car or truck travels over a road, there is wear
and tear on the road surface, which incurs a cost. Studies show that
the cost per kilometer of travel C is given by
C = kw4 ,
where w is the weight per axle and k is a constant. The weight per
axle is about 13 times higher for a semi-trailer than for my Honda
Fit. How many times greater is the cost imposed on the federal
government when the semi travels a given distance on an interstate
freeway?
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. First we convert the equation into a proportionality by throwing
out k, which is the same for both vehicles:
C ∝ w4
Next we convert this proportionality to a statement about ratios:
 4
C1
w1
=
≈ 29, 000
C2
w2
Since the gas taxes paid by the trucker are nowhere near 29,000
times more than those I pay to drive my Fit the same distance, the
federal government is effectively awarding a massive subsidy to the
trucking company. Plus my Fit is cuter.
Examples with solutions — p. 52, #32; p. 52, #33; p. 53, #38;
p. 50, #17
Problems you can check at lightandmatter.com/area1checker.
html — p. 53, #37; p. 53, #39; p. 121, #24; p. 122, #27; p. 119,
#9; p. 288, #3

3. Vector addition
subsection 3.4.3, p. 199
Example: The ∆r vector from San Diego to Los Angeles has
magnitude 190 km and direction 129◦ counterclockwise from east.
The one from LA to Las Vegas is 370 km at 38◦ counterclockwise
from east. Find the distance and direction from San Diego to Las
Vegas.
. Graphical addition is discussed on p. 199. Here we concentrate on
analytic addition, which involves adding the x components to find
the total x component, and similarly for y. The trig needed in order
to find the components of the second leg (LA to Vegas) is laid out
in figure l on p. 197 and explained in detail in example 60 on p. 197:
∆x2 = (370 km) cos 38◦ = 292 km
∆y2 = (370 km) sin 38◦ = 228 km
(Since these are intermediate results, we keep an extra sig fig to
avoid accumulating too much rounding error.) Once we understand
the trig for one example, we don’t need to reinvent the wheel every
time. The pattern is completely universal, provided that we first
make sure to get the angle expressed according to the usual trig
convention, counterclockwise from the x axis. Applying the pattern
to the first leg, we have:
∆x1 = (190 km) cos 129◦ = −120 km
∆y1 = (190 km) sin 129◦ = 148 km
For the vector directly from San Diego to Las Vegas, we have
∆x = ∆x1 + ∆x2 = 172 km
∆y = ∆y1 + ∆y2 = 376 km.
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The distance from San Diego to Las Vegas is found using the Pythagorean
theorem,
p
(172 km)2 + (376 km)2 = 410 km
(rounded to two sig figs because it’s one of our final results). The
direction is one of the two possible values of the inverse tangent
tan−1 (∆y/∆x) = {65◦ , 245◦ }.
Consulting a sketch shows that the first of these values is the correct
one.
Examples with solutions — p. 229, #62; p. 229, #63; p. 226,
#45
Problems you can check at lightandmatter.com/area1checker.
html — p. 228, #53; p. 228, #57; p. 228, #58; p. 235, #79; p. 226,
#46
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other versions of Python, the computer will
Programming With Python
actually print out >>> as a prompt to tell you
it’s ready to type something.)
The purpose of this tutorial is to help you
get familiar with a computer programming language called Python, which I’ve chosen because (a) it’s free, and (b) it’s easy to use interactively. I won’t assume you have any previous
experience with computer programming; you
won’t need to learn very much Python, and
what little you do need to learn I’ll explain
explicitly. If you really want to learn Python
more thoroughly, there are a couple of excellent books that you can download for free on
the Web:

There are only a couple of things to watch
out for. First, Python distinguishes between
integers and real numbers, so the following
gives an unexpected result:
>>>
0

print(2/3)

To get it to treat these values as real numbers,
you have to use decimal points:

>>> print(2./3.)
How to Think Like a Computer Sci0.6666666666666666666663
entist (Python Version), Allen B. Downey, Jeffrey Elkner, Moshe Zadka,
Multiplication is represented by “*”:
http://www.ibiblio.org/obp/
Dive Into Python, Mark Pilgrim,
http://diveintopython.net/
The first book is meant for people who have
never programmed before, while the second is
a more complete introduction aimed at veteran programmers who know a different language already.
Using Python as a calculator
The easiest way to get Python going is to
go to the web site ideone.com. Under “choose
a language,” select Python. Inside the window where it says “paste your source code or
insert template or sample,” type print(2+2).
Click on the “submit” button. The result, 4,
is shown under “output.” In other words, you
can use Python just like a calculator.
For compactness, I’ll show examples in the
following style:
>>> print(2+2)
4
Here the >>> is not something you would type
yourself; it’s just a marker to distinguish your
input from the program’s output. (In some
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>>> print(2.*3.)
6.0
Also, Python doesn’t know about its own library of math functions unless you tell it explicitly to load them in:
>>> print (sqrt(2.))
Traceback (most recent call last):
File ‘‘<stdin>’’, line 1, in ?
NameError: There is no variable named ‘sqrt’
Here are the steps you have to go through to
calculate the square root of 2 successfully:
>>> import math
>>> print(math.sqrt(2.))
1.4142135623730951
The first line is just something you can make a
habit of doing every time you start up Python.
In the second line, the name of the square
root function had to be prefixed with “math.”
to tell Python where you wanted to get this
“sqrt” function from. (All of this may seem
like a nuisance if you’re just using Python as a

calculator, but it’s a good way to design a programming language so that names of functions
never conflict.)
Try it. Experiment and figure out whether
Python’s trig functions assume radians or
degrees.
Variables
Python lets you define variables and assign
values to them using an equals sign:
>>> dwarfs=7
>>> print(dwarfs)
>>> print(dwarfs+3)
7
10
Note that a variable in computer programming isn’t quite like a variable in algebra. In
algebra, if a=7 then a=7 always, throughout a
particular calculation. But in a programming
language, the variable name really represents
a place in memory where a number can be
stored, so you can change its value:
>>> dwarfs=7
>>> dwarfs=37
>>> print(dwarfs)
37
You can even do stuff like this,
>>> dwarfs=37
>>> dwarfs=dwarfs+1
>>> print(dwarfs)
38

Functions
Somebody had to teach Python how to do
functions like sqrt, and it’s handy to be able
to define your own functions in the same way.
Here’s how to do it:
>>> def double(x):
>>>
return 2.*x
>>> print(double(5.))
10.0
Note that the indentation is mandatory. The
first and second lines define a function called
double. The final line evaluates that function
with an input of 5.
Loops
Suppose we want to add up all the numbers
from 0 to 99.
Automating this kind of thing is exactly
what computers are best at, and Python provides a mechanism for this called a loop:
>>> sum=0
>>> for j in range(100):
>>>
sum=sum+j
>>> print(sum)
4950
The stuff that gets repeated — the inside of
the loop — has to be indented, just like in
a function definition. Python always counts
loops starting from 0, so for j in range(100)
actually causes j to range from 0 to 99, not
from 1 to 100.

In algebra it would be nonsense to have a variable equal to itself plus one, but in a computer program, it’s not an assertion that the
two things are equal, its a command to calculate the value of the expression on the right
side of the equals, and then put that number
into the memory location referred to by the
variable name on the left.
Try it. What happens if you do dwarfs+1 =
dwarfs? Do you understand why?

Exercises

915

Appendix 2: Miscellany
Unphysical “hovering” solutions to conservation of energy
On page 83, I gave the following derivation for the acceleration of an object under the influence
of gravity:
  


 
dv
dv
dK
dU
dy
=
dt
dK
dU
dy
dt


1
(−1)(mg)(v)
=
mv
= −g
There is a loophole in this argument, however. When I say dv/ dK = 1/(mv), that only works
when the object is moving. If it’s at rest, v is nondifferentiable as a function of K (or we could
say that the derivative is infinite). Energy can in fact be conserved by an object that simply
hovers above the ground: its kinetic energy is constant, and its gravitational energy is also
constant. Why, then, do we never observe such behavior, except in Coyote and Roadrunner
cartoons when the Coyote runs off the edge of a cliff without noticing it at first?
Suppose we toss a baseball straight up, and pick a coordinate system in which upward
velocities are positive. The ball’s velocity is a continuous function of time, and it changes
from being positive to being negative, so there must be some instant at which it equals zero.
Conservation of energy would be satisfied if the velocity were to remain at zero for a minute
or an hour before the ball finally made the decision to fall. One thing that seems odd about
all this is that there’s no obvious way for the ball to “decide” when it was time to go ahead
and fall back down again. It violates the principle that the laws of physics are supposed to be
deterministic.
One reason that we could never hope to observe such behavior in reality is that the ball
would have to spend some time being exactly at rest, and yet no object can ever stay exactly
at rest for any finite amount of time. Objects in the real world are buffeted by air currents,
for example. At the atomic level, the interaction of these air currents with the ball consists of
discrete collisions with whizzing air molecules, and a quick back-of-the-envelope estimate shows
that for an object this size, the typical time between collisions is on the order of 10−27 s, which
would limit the duration of the hovering to a time far too short to allow it to be observed.
Nevertheless this is not a completely satisfying explanation. It makes us wonder whether we
ought to apply to the government for a research grant to do an experiment in which a baseball
would be shot upward in a chamber that had been pumped out to an ultra-high vacuum!
A somewhat better approach is to consider that motion is relative, so the ball’s velocity can
only be zero in one particular frame of reference. It wouldn’t make sense for the ball to exhibit
qualitatively different behavior when it was at rest, because different observers don’t even agree
when the ball is at rest. But this argument also fails to resolve the issue completely, because this
is a ball interacting with the planet Earth via gravitational forces, so it could make a difference
whether the ball was at rest relative to the earth. Suppose we go into a frame of reference defined
by an observer watching the ball as she descends in a glass elevator. At the moment when the

ball is at rest relative to the earth, she sees both the ball and the earth as moving upward at the
same speed. It would be perfectly consistent with conservation of energy if she were to see them
maintain this distance from one another for several minutes. In her frame, their kinetic energies
would be nonzero, but constant, and the gravitational energy only depends on the separation
between the ball and the earth, so it would be constant as well.
Now that we’re thinking of the ball and the earth as two objects interacting with one another,
it becomes natural to think of them on the same footing. What about the motion of the Earth?
The earth feels a gravitational attraction from the ball, just as the ball feels one from the
Earth. To make this symmetry more evident, let’s imagine two planets of equal mass, Foo and
Bar, initially at rest with respect to one another. The Fooites and Barians realize that the
gravitational interaction between their planets will cause them to drop together and collide.
It seems that they should get ready for the end of the world. And yet before they riot, get
drunk, or tell their spouses that yes, they really do look fat in that dress, maybe they should
consider the possibility that the two planets will simply hover in place for some amount of
time, because that would satisfy conservation of energy. Now the physical implausibility of the
hovering solution becomes even more apparent. Not only does one planet have to “decide” at
precisely what microsecond to go ahead and fall, but the other planet has to make the same
decision at the same instant, or else conservation of energy will be violated. There is no physical
process or interaction between the two planets that could perfectly synchronize their “decisions”
like this. (The mechanism can’t be gravity, because nothing about the gravitational interaction
provides any kind of a count-down that would pick out one particular time as the one at which
the planets should start moving.)
The key to making sense of all this is to realize that each planet can only “feel” the gravitational field in its own region of space. Its acceleration can only depend on the field, and not on
the detailed arrangement of masses elsewhere in the universe that caused that field. Granting
this kind of “real” status to fields can be considered as a logically necessary supplement to
conservation of energy.

Automated search for the brachistochrone
See page 95.
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

d=.01
c1=.61905
c2=-.94427
a = 1.
b = 1.
for i in range(100):
bestt = 99.
for j in range(3):
for k in range(3):
try_c1 = c1+(j-1)*d
try_c2 = c2+(k-1)*d
t = timeb(a,b,try_c1,try_c2,100000)
if t<bestt :
bestc1 = try_c1
bestc2 = try_c2
bestj = j
bestk = k
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18
19
20
21
22
23
24

bestt = t
c1 = bestc1
c2 = bestc2
c3 = (b-c1*a-c2*a**2)/(a**3)
print(c1, c2, c3, bestt)
if (bestj == 1) and (bestk == 1) :
d = d*.5

Derivation of the steady state for damped, driven oscillations
Using the trig identities for the sine of a sum and cosine of a sum, we can change equation [2]
on page 177 into the form


(−mω 2 + k) cos δ − bω sin δ − Fm /A sin ωt


+ (−mω 2 + k) sin δ + bω cos δ cos ωt = 0.
Both the quantities in square brackets must equal zero, which gives us two equations we can
use to determine the unknowns A and δ. The results are
δ = tan−1
= tan−1

bω
mω 2 − k
ωωo
Q(ωo2 − ω 2 )

and
Fm
A= q
(mω 2 − k)2 + b2 ω 2
=

Fm
q
.
m (ω 2 − ωo2 )2 + ωo2 ω 2 Q−2

Proofs relating to angular momentum
Uniqueness of the cross product
The vector cross product as we have defined it has the following properties:
(1) It does not violate rotational invariance.
(2) It has the property A × (B + C) = A × B + A × C.
(3) It has the property A × (kB) = k(A × B), where k is a scalar.
Theorem: The definition we have given is the only possible method of multiplying two vectors
to make a third vector which has these properties, with the exception of trivial redefinitions
which just involve multiplying all the results by the same constant or swapping the names
of the axes. (Specifically, using a left-hand rule rather than a right-hand rule corresponds to
multiplying all the results by −1.)
Proof: We prove only the uniqueness of the definition, without explicitly proving that it has
properties (1) through (3).
Using properties (2) and (3), we can break down any vector multiplication (Ax x̂ + Ay ŷ +
Az ẑ) × (Bx x̂ + By ŷ + Bz ẑ) into terms involving cross products of unit vectors.
A “self-term” like x̂ × x̂ must either be zero or lie along the x axis, since any other direction
would violate property (1). If was not zero, then (−x̂) × (−x̂) would have to lie in the opposite
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direction to avoid breaking rotational invariance, but property (3) says that (−x̂) × (−x̂) is the
same as x̂ × x̂, which is a contradiction. Therefore the self-terms must be zero.
An “other-term” like x̂ × ŷ could conceivably have components in the x-y plane and along
the z axis. If there was a nonzero component in the x-y plane, symmetry would require that it
lie along the diagonal between the x and y axes, and similarly the in-the-plane component of
(−x̂) × ŷ would have to be along the other diagonal in the x-y plane. Property (3), however,
requires that (−x̂) × ŷ equal −(x̂ × ŷ), which would be along the original diagonal. The only
way it can lie along both diagonals is if it is zero.
We now know that x̂ × ŷ must lie along the z axis. Since we are not interested in trivial
differences in definitions, we can fix x̂ × ŷ = ẑ, ignoring peurile possibilities such as x̂ × ŷ = 7ẑ
or the left-handed definition x̂ × ŷ = −ẑ. Given x̂ × ŷ = ẑ, the symmetry of space requires that
similar relations hold for ŷ × ẑ and ẑ × x̂, with at most a difference in sign. A difference in sign
could always be eliminated by swapping the names of some of the axes, so ignoring possible trivial
differences in definitions we can assume that the cyclically related set of relations x̂ × ŷ = ẑ,
ŷ × ẑ = x̂, and ẑ × x̂ = ŷ holds. Since the arbitrary cross-product with which we started can
be broken down into these simpler ones, the cross product is uniquely defined.
The choice of axis theorem
Theorem: Suppose a closed system of material particles conserves angular momentum in one
frame of reference, with the axis taken to be at the origin. Then conservation of angular
momentum is unaffected if the origin is relocated or if we change to a frame of reference that
is in constant-velocity motion with respect to the first one. The theorem also holds in the case
where the system is not closed, but the total external force is zero.
Proof: In the original frame of reference, angular momentum is conserved, so we have dL/ dt=0.
From example 28 on page 284, this derivative can be rewritten as
dL X
=
r i × Fi ,
dt
i

where Fi is the total force acting on particle i. In other words, we’re adding up all the torques
on all the particles.
By changing to the new frame of reference, we have changed the position vector of each
particle according to ri → ri + k − ut, where k is a constant vector that indicates the relative
position of the new origin at t = 0, and u is the velocity of the new frame with respect to the
old one. The forces are all the same in the new frame of reference, however. In the new frame,
the rate of change of the angular momentum is
dL X
=
(ri + k − ut) × Fi
dt
i
X
X
=
ri × Fi + (k − ut) ×
Fi .
i

i

The first term is the expression for the rate of change of the angular momentum in the original
frame of reference, which is zero by assumption. The second term vanishes by Newton’s third
law; since the system is closed, every force Fi cancels with some force Fj . (If external forces
act, but they add up to zero, then the sum can be broken up into a sum of internal forces and
a sum of external forces, each of which is zero.) The rate of change of the angular momentum
is therefore zero in the new frame of reference.
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The spin theorem
Theorem: An object’s angular momentum with respect to some outside axis A can be found
by adding up two parts:
(1) The first part is the object’s angular momentum found by using its own center of mass as
the axis, i.e. the angular momentum the object has because it is spinning.
(2) The other part equals the angular momentum that the object would have with respect to
the axis A if it had all its mass concentrated at and moving with its center of mass.
Proof: Let rcm be the position of the center of mass. The total angular momentum is
L=

X

ri × pi ,

i

which can be rewritten as
L=

X

(rcm + ri − rcm ) × pi ,

i

where ri − rcm is particle i’s position relative to the center of mass. We then have
L = rcm ×

X

pi +

X

i

= rcm × ptotal +

(ri − rcm ) × pi

i

X

(ri − rcm ) × pi

i

= rcm × mtotal vcm +

X

(ri − rcm ) × pi .

i

The first and second terms in this expression correspond to the quantities (2) and (1), respectively.
Different Forms of Maxwell’s Equations
First we reproduce Maxwell’s equations as stated on page 699, in integral form, using the SI
(meter-kilogram-second) system of units, with the coupling constants written in terms of k and
c:

ΦE = 4πkqin
ΦB = 0
∂ΦB
∂t
∂Φ
E
c2 ΓB =
+ 4πkIthrough
∂t
ΓE = −

Homework problem 39 on page 729 deals with rewriting these in terms of o = 1/4πk and
µo = 4πk/c2 rather than k and c.
For the reader who has been studying the optional sections giving Maxwell’s equations in
differential form, here is a summary:
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div E = 4πkρ
div B = 0
∂B
∂t
∂E
c2 curl B =
+ 4πk j
∂t
curl E = −

Although all engineering and most scientific work these days is done in the SI (mks) system,
one may still encounter the older cgs (centimeter-gram-second) system, especially in astronomy
and particle physics. The mechanical units in this system include the dyne (g·cm/s2 ) for force,
and the erg (g·cm2 /s2 ) for energy. The system is extended to electrical units by taking k = 1
as a matter of definition, so the Coulomb force law is F = q1 q2 /r2 . This equation indirectly
defines a unit of charge called the elestrostatic unit, with 1 C = 2.998 × 109 esu, the factor of
2.998 arising from the speed of light. The unit of voltage is the statvolt, 1 statvolt = 299.8 V.
In this system, the electric and magnetic fields have the same units, dynes/esu, but to avoid
confusion, magnetic fields are normally written using the equivalent unit of gauss, 1 gauss=1
dyne/esu=10−4 T. The force on a charged particle is F = qE + q vc × B, which differs from the
mks version by the 1/c factor in the magnetic term. Maxwell’s equations are:

ΦE = 4πqin
ΦB = 0
1 ∂ΦB
c ∂t
1 ∂ΦE
4π
ΓB =
+
Ithrough
c ∂t
c
ΓE = −
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Appendix 3: Photo Credits
Except as specifically noted below or in a parenthetical credit in the caption of a figure, all the illustrations in
this book are by under my own copyright, and are copyleft licensed under the same license as the rest of the book.
In some cases it’s clear from the date that the figure is public domain, but I don’t know the name of the
artist or photographer; I would be grateful to anyone who could help me to give proper credit. I have assumed
that images that come from U.S. government web pages are copyright-free, since products of federal agencies fall
into the public domain. When “PSSC Physics” is given as a credit, it indicates that the figure is from the second
edition of the textbook entitled Physics, by the Physical Science Study Committee; these are used according to a
blanket permission given in the later PSSC College Physics edition, which states on the copyright page that “The
materials taken from the original and second editions and the Advanced Topics of PSSC PHYSICS included in
this text will be available to all publishers for use in English after December 31, 1970, and in translations after
December 31, 1975.”
In a few cases, I have made use of images under the fair use doctrine. However, I am not a lawyer, and the
laws on fair use are vague, so you should not assume that it’s legal for you to use these images. In particular,
fair use law may give you less leeway than it gives me, because I’m using the images for educational purposes,
and giving the book away for free. Likewise, if the photo credit says “courtesy of ...,” that means the copyright
owner gave me permission to use it, but that doesn’t mean you have permission to use it.
Cover Eclipse: Luc Viatour, CC-BY-SA licensed.
13 Mars Climate Orbiter: NASA/JPL/CIT. 26 Standard kilogram: Bo Bengtsen, GFDL licensed. Further
retouching by Wikipedia user Greg L and by B. Crowell.
45 Jar of jellybeans: Flickr user cbgrfx123, CCBY-SA licensed.
46 Amphicoelias: Wikimedia commons users Dinoguy2, Niczar, ArthurWeasley, Steveoc 86,
Dropzink, and Piotr Jaworski, CC-BY-SA licensed. 55 Galaxies: Hubble Space Telescope. Hubble material is
copyright-free and may be freely used as in the public domain without fee, on the condition that NASA and ESA is
credited as the source of the material. The material was created for NASA by STScI under Contract NAS5-26555
and for ESA by the Hubble European Space Agency Information Centre..
56 Portrait of Monsieur Lavoisier
and His Wife: Jacques-Louis David, 1788.
57 Astronaut: NASA. 62 Galileo: Justus Sustermans, 1636.
65 Galileo’s trial: Cristiano Banti (1857).
65 Foucault and pendulum: contemporary, ca. 1851.
71 Wind
tunnel: NASA. 73 Portrait of James Joule: contemporary. 74 Infrared photographs: Courtesy of M. Vollmer
and K.P. M”ollmann, Univ. Appl. Sciences, Brandenburg, Germany. 81 Skateboarder: Courtesy of J.D. Rogge.
87 Funicular railroad: Historic American Buildings Survey, public domain. 118 Colliding balls: PSSC Physics.
132 Ion drive: NASA. 133 Nucleus of Halley’s comet: European Space Agency.
133 Halley’s comet: W.
Liller.
136 Colliding galazies: NASA. 140 Wrench: PSSC Physics.
140 Highjumper: Courtesy of Dunia
Young.
146 Air bag: DaimlerChrysler AG, CC-BY-SA licensed..
182 Nimitz freeway: Courtesy of U.C.
Berkeley Earth Sciences and Map Library.
187 Descartes: French postal stamp.
201 Greyhound: Line
art by the author, based on a photo by Alex Lapuerta, CC-BY licensed.
204 Solar sail (artist’s rendering):
Wikipedia user Paranoid, CC-BY-SA licensed.
214 Breaking trail: Art by Walter E. Bohl. Image courtesy
of the University of Michigan Museum of Art/School of Information and Library Studies.
220 Football player
and old lady: Hazel Abaya.
223 Biplane: Open Clip Art Library, public domain.
232 Spider oscillations:
Emile, Le Floch, and Vollrath, Nature 440:621 (2006).
236 Rock climber: Line art by B. Crowell, CC-BY-SA
licensed. Based on a photo by Richard Peter/Deutsche Fotothek, CC-BY-SA licensed.. 236 Runner: Line art
by B. Crowell, CC-BY-SA licensed. Based on a photo by Wikimedia Commons user Fengalon, public domain.
238 ISS: NASA/Crew of STS-132, public domain.
238 Skee ball: Photo by Wikipedia user Joyous!, CC-BYSA. 245 High jump: Thomas Eakins, public domain.
287 Explorer I: NASA/JPL, public domain.
312
Carnot: contemporary.
319 Space junk: STK-generated images courtesy of CSSI (www.centerforspace.com).
320 Boltzmann’s tomb: Wikipedia user Daderot, CC-BY-SA licensed. 325 Difluoroethane molecule: Wikipedia
user Edgar181, public domain. 331 Otto cycle: based on an animation by Wikipedia user UtzOnBike, CC-BYSA licensed. 341 Electric bass: Brynjar Vik, CC-BY license. 347 Superposition of pulses: Photo from PSSC
Physics. 358 Mount Wilson: Andrew Dunn, cc-by-sa licensed. 360 X-15 shock wave: NASA, public domain.
370 Traffic: Wikipedia user Diliff, CC-BY licensed.
377 Flute: Wikipedia user Grendelkhan, CC-BY-SA
licensed.
377 Pan pipes: Wikipedia user Andrew Dunn, CC-BY-SA licensed.
383 Atomic clock on plane:

Copyright 1971, Associated press, used under U.S. fair use exception to copyright law.
383 GPS: Wikipedia
user HawaiianMama, CC-BY license.
384 Football pass: Wikipedia user RMelon, CC-BY-SA licensed.
386
Satellite: From a public-domain artist’s conception of a GPS satellite, product of NASA. 386 Horse: From a
public-domain photo by Eadweard Muybridge, 1872.
387 Joan of Arc holding banner: Ingres, 1854.
387
Joan of Arc interrogated: Delaroche, 1856. 394 Colliding nuclei: courtesy of RHIC. 394 Muon storage ring
at CERN: (c) 1974 by CERN; used here under the U.S. fair use doctrine. 400 Machine gunner’s head: Redrawn
from a sketch by Wenceslas Hollar, 17th century. 400 Machine gunner’s body: Redrawn from a public-domain
photo by Cpl. Sheila Brooks.
418 Eclipse: 1919, public domain.
418 Newspaper headline: 1919, public
domain.
420 Photo of PET scanner: Wikipedia user Hg6996, public domain.
420 PET body scan: Jens
Langner, public domain.
420 Ring of detectors in PET scanner: Wikipedia user Damato, public domain.
457 Lightning: C. Clark, NOAA photo library.
469 Millikan: contemporary.
473 Thomson: Harper’s
Monthly, 1904. 481 nuclear fuel pellets: US DOE, public domain. 493 nuclear power plant: Wikipedia user
Stefan Kuhn, CC-BY-SA licensed. 499 H bomb test: public domain product of US DOE, Ivy Mike test. 499
Fatu Hiva Rainforest: Wikipedia user Makemake, CC-BY-SA licensed.
499 sun: SOHO (ESA and NASA).
499 GAMMASPHERE: Courtesy of C.J. Lister and R.V.F. Janssens. 499 fusion reactor: “These images may
be used free of charge for educational purposes but please use the acknowledgement ‘photograph courtesy of
EFDA-JET”’. 501 Chernobyl map: CIA Handbook of International Economic Statistics, 1996, public domain.
502 Zombies: Public domain due to an error by the distributor in failing to place a copyright notice on the film.
502 Fifty-foot woman: Public domain due to nonrenewal of copyright.
505 Horses: (c) 2004 Elena Filatova.
505 Polar bear: U.S. Fish and Wildlife Service, public domain.
506 UNILAC: Copyrighted, not covered by
the book’s copyleft.
514 Knifefish: Courtesy of Greg DeGreef.
525 Superconducting accelerator segment:
Courtesy of Argonne National Laboratory, managed and operated by the University of Chicago for the U.S.
Department of Energy under contract no. W-31-109-ENG-38.
566 LIGO: California Institute of Technology.
574 Topographical map: United States Geological Survey, 19th century, uncopyrighted..
593 Capacitors:
Wikipedia user de:Benutzer:Honina, CC-BY-SA licensed. 593 Inductors: Wikipedia user de:Benutzer:Honina,
CC-BY-SA licensed.
602 Ballasts: Magnetic ballast: Wikimedia Commons use Atlant, CC-BY; solid-state
ballast: Wikipedia user Anton, CC-BY-SA.
664 C.S. Wu: Smithsonian Institution, believed to be public
domain.
664 Swan Lake: Peter Gerstbach, GFDL 1.2.
689 Faraday banknote: fair use.
690 Ascending
and Descending: (c) 1960, M.C. Escher.
715 Laminated core: Wikipedia user ArnoldReinhold, CC-BY-SA
licensed.
715 Ferrite bead: Photo of clip-on bead by the author; photo of built-in bead by Wikipedia user
Stwalkerster, CC-BY-SA. 717 Levitating frog: “Permission granted for this photo to be licensed under the GNUtype license by Lijnis Nelemans, High Field Magnet Laboratory, Radboud University Nijmegen.”.
719 Core
memory: H.J. Sommer III, Professor of Mechanical Engineering, Penn State University, CC-BY. 719 Hysteresis
curve: Based on a figure by Wikipedia user Omegatron, CC-BY-SA licensed. 720 Fluxgate compass: Wikipedia
user Mike1024, public domain. 737 Rays of sunlight: Wikipedia user PiccoloNamek, CC-BY-SA. 740 Jupiter
and Io: NASA/JPL/University of Arizona.
749 Ray-traced image: Gilles Tran, Wikimedia Commons, public
domain.
753 Praxinoscope: Thomas B. Greenslade, Jr..
755 The Sleeping Gypsy: H. Rousseau, 1897.
758 Moon: Wikimedia commons image. 758 Flower: Based on a photo by Wikimedia Commons user Fir0002,
CC-BY-SA. 759 Ladybug: Redrawn from a photo by Wikimedia Commons user Gilles San Martin, CC-BYSA.
771 Fish-eye lens: Martin D”urrschnabel, CC-BY-SA.
773 Hubble space telescope: NASA, public
domain.
774 Cross-section of eye: NEI. 774 Eye’s anatomy: After a public-domain drawing from NEI.
778 Water wave refracting: Original photo from PSSC. 779 Ulcer: Wikipedia user Aspersions, CC-BY-SA.
786 Counterfactual lack of diffraction of water waves: Assembled from photos in PSSC. 786 Diffraction of
water waves: Assembled from photos in PSSC. 786 Diffraction of water waves: Assembled from photos in
PSSC. 787 Scaling of diffraction: Assembled from photos in PSSC. 788 Huygens: Contemporary painting?.
790 Diffraction of water waves: Assembled from photos in PSSC. 791 Young: Wikimedia Commons, “After
a portrait by Sir Thomas Lawrence, From: Arthur Shuster & Arthur E. Shipley: Britain’s Heritage of Science.
London, 1917”. 796 Single-slit diffraction of water waves: PSSC. 796 Simulation of a single slit using three
sources: PSSC. 797 Pleiades: NASA/ESA/AURA/Caltech, public domain. 797 Radio telescope: Wikipedia
user Hajor, CC-BY-SA. 809 Porro prisms: Redrawn from a figure by Wikipedia user DrBob, CC-BY-SA.
809 Binoculars: Wikimedia commons, CC-BY-SA. 812 Pleiades: NASA/ESA/AURA/Caltech, public domain.
814 Anamorphic image: Wikipedia user Istvan Orosz, CC-BY. 827 Mount St. Helens: Public-domain image
by Austin Post, USGS. 842 Ozone maps: NASA/GSFC TOMS Team.
843 Photon interference photos:
Courtesy of Prof. Lyman Page.
857 Wicked witch: W.W. Denslow, 1900. Quote from The Wizard of Oz, by
L. Frank Baum, 1900.
880 Circle dancing: Franz von Stuck, 1910, public domain.
880 Dance of the baby
swans from Swan Lake: Line art by B. Crowell, CC-BY-SA licensed. Based on a photo by Paata Vardanashvili,
CC-BY licensed.
881 Superposition of pulses: Photo from PSSC Physics.
897 Hindenburg: Public domain
product of the U.S. Navy.
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Hints
Hints for Chapter 2
Page 120, problem 16: You can use either the chain-rule technique from page 83 or the
technique prescribed in problem 15 on p. 120. The positions and velocities of the two masses are
related to each other, and you’ll need to use this relationship to eliminate one mass’s position and
velocity and get everything in terms of the other mass’s position and velocity. The relationship
between the two positions will involve some extraneous variables like the length of the string,
which won’t have any effect on your final result.
Page 120, problem 17: This is similar to problem 16, but you’re trying to find the combination
of masses that will result in zero acceleration. In this problem, the distance dropped by one
weight is different from, but still related to, the distance by which the other weight rises. Try
relating the heights of the two weights to each other, so you can get the total gravitational
energy in terms of only one of these heights.
Page 120, problem 18: This is similar to problem 17, in that you’re looking for a setup that
will give zero acceleration, and the distance the middle weight rises or falls is not the same as
the distance the other two weights fall or rise. The simplest approach is to get the three heights
in terms of θ, so that you can write the gravitational energy in terms of θ.
Page 120, problem 19: This is very similar to problems 16 and 17.
Page 120, problem 20: The first two parts can be done more easily by setting a = 1, since
the value of a only changes the distance scale.
Page 121, problem 22: The condition for a circular orbit contains three unknowns, v, g, and
r, so you can’t just solve it for r. You’ll need more equations to make three equations in three
unknowns. You’ll need a relationship between g and r, and also a relationship between v and r
that uses the given fact that it’s supposed to take 24 hours for an orbit.
Page 121, problem 25: What does the total energy have to be if the projectile’s velocity is
exactly escape velocity? Write down conservation of energy, change v to dr/ dt, separate the
variables, and integrate.
Page 121, problem 26: The analytic
√ approach is a little cumbersome, although it can be
done by using approximations like 1/ 1 +  ≈ 1 − (1/2). A more straightforward, brute-force
method is simply to write a computer program that calculates U/m for a given point in spherical
coordinates. By trial and error, you can fairly rapidly find the r that gives a desired value of
U/m.
Page 123, problem 33: Use calculus to find the minimum of U .
Page 123, problem 35: The spring constant of this spring, k, is not the quantity you need
in the equation for the period. What you need in that equation is the second derivative of the
spring’s energy with respect to the position of the thing that’s oscillating. You need to start
by finding the energy stored in the spring as a function of the vertical position, y, of the mass.

This is similar to example 23 on page 116.
Page 124, problem 37: The variables x1 and x2 will adjust themselves to reach an equilibrium.
Write down the total energy in terms of x1 and x2 , then eliminate one variable, and find the
equilibrium value of the other. Finally, eliminate both x1 and x2 from the total energy, getting
it just in terms of b.
Hints for Chapter 3
Page 221, problem 20: Write down two equations, one for Newton’s second law applied to
each object. Solve these for the two unknowns T and a.
Page 225, problem 41: The whole expression for the amplitude has maxima where the stuff
inside the square root is at a minimum, and vice versa, so you can save yourself a lot of work
by just working on the stuff inside the square root. For normal, large values of Q, the there
are two extrema, one at ω = 0 and one at resonance; one of these is a maximum and one is a
minimum. You want to find out at what value of Q the zero-frequency extremum switches over
from being a maximum to being a minimum.
Page 230, problem 69: You can use the geometric interpretation of the dot product.
Page 230, problem 70: The easiest way to do this problem is to use two different coordinate
systems: one that’s tilted to coincide with the upper slope, and one that’s tilted to coincide
with the lower one.
Hints for Chapter 4
Page 288, problem 8: The choice of axis theorem only applies to a closed system, or to a
system acted on by a total force of zero. Even if the box is not going to rotate, its center of
mass is going to accelerate, and this can still cause a change in its angular momentum, unless
the right axis is chosen. For example, if the axis is chosen at the bottom right corner, then the
box will start accumulating clockwise angular momentum, even if it is just accelerating to the
right without rotating. Only by choosing the axis at the center of mass (or at some other point
on the same horizontal line) do we get a constant, zero angular momentum.
Page 289, problem 11: There are four forces on the wheel at first, but only three when it lifts
off. Normal forces are always perpendicular to the surface of contact. Note that the corner of
the step cannot be perfectly sharp, so the surface of contact for this force really coincides with
the surface of the wheel.
Page 289, problem 12: How is this different from the case where you whirl a rock in a circle
on a string and gradually pull in the string?
Page 292, problem 24: The acceleration and the tension in the string are unknown. Use
τ = dL/ dt and F = ma to determine these two unknowns.
Page 294, problem 35: You’ll need the result of problem 19 in order to relate the energy and
angular momentum of a rigidly rotating body. Since this relationship involves a variable raised
to a power, you can’t just graph the data and get the moment of inertia directly. One way
to get around this is to manipulate one of the variables to make the graph linear. Here is an
example of this technique from another context. Suppose you were given a table of the masses,
m, of cubical pieces of wood, whose sides had various lengths, b. You want to find a best-fit
value for the density of the wood. The relationship is m = ρb3 . The graph of m versus b would
be a curve, and you would not have any easy way to get the density from such a graph. But
by graphing m versus b3 , you can produce a graph that is linear, and whose slope equals the
density.
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Hints for Chapter 6
Page 379, problem 4: How could you change the values of x and t so that the value of y
would remain the same? What would this represent physically?
Page 381, problem 12: The answers to the two parts are not the same.
Page 380, problem 8: (a) The most straightforward approach is to apply the equation
∂ 2 y/∂t2 = (T /µ)∂ 2 y/∂x2 . Although this equation was developed in the main text in the context
of a straight string with a curvy wave on it, it works just as well for a circular loop; the left-hand
side is simply the inward acceleration of any point on the rope. Note, however, that we’ve been
assuming the string was (at least approximately) parallel to the x axis, which will only be true
if you choose a specific value of x. You need to get an equation for y in terms of x in order to
evaluate the right-hand side.
Hints for Chapter 7
Page 446, problem 28: Apply the equivalence principle.
Hints for Chapter 8
Page 510, problem 15: The force on the lithium ion is the vector sum of all the forces of
all the quadrillions of sodium and chlorine atoms, which would obviously be too laborious to
calculate. Nearly all of these forces, however, are canceled by a force from an ion on the opposite
side of the lithium.
Hints for Chapter 10
Page 638, problem 15: Use the approximation (1 + )p ≈ 1 + p, which is valid for small .
Page 642, problem 31: The math is messy if you put the origin of your polar coordinates at
the center of the disk. It comes out much simpler if you put the origin at the edge, right on top
of the point at which we’re trying to compute the voltage.
Page 641, problem 26: Since we have t  r, the volume of the membrane is essentially the
same as if it was unrolled and flattened out, and the field’s magnitude is nearly constant.
Page 641, problem 25: First find the energy stored in a spherical shell extending from r to
r + dr, then integrate to find the total energy.
Hints for Chapter 11
Page 726, problem 24: A stable system has low energy; energy would have to be added to
change its configuration.
Page 729, problem 41: We’re ignoring the fact that the light consists of little wavepackets,
and imagining it as a simple sine wave. But wait, there’s more good news! The energy density
depends on the squares of the fields, which means the squares of some sine waves. Well, when
you square a sine wave that varies from −1 to +1, you get a sine wave that goes from 0 to +1,
and the average
value of that sine wave is 1/2. That means you don’t have to do an integral
R
like U = (dU/ dV ) dV . All you have to do is throw in the appropriate factor of 1/2, and you
can pretend that the fields have their constant values Ẽ and B̃ everywhere.
Page 730, problem 42: Use Faraday’s law, and choose an Ampèrian surface that is a disk of
radius R sandwiched between the plates.
Page 732, problem 51: (a) Magnetic fields are created by currents, so once you’ve decided
how currents behave under time-reversal, you can figure out how magnetic fields behave.
Hints for Chapter 12
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Page 815, problem 60: Expand sin θ in a Taylor series around θ = 90 ◦ .

Answers to Self-Checks
Answers to Self-Checks for Chapter 0
Page 15: If only he has the special powers, then his results can never be reproduced.
Page 17: They would have had to weigh the rays, or check for a loss of weight in the object
from which they were have emitted. (For technical reasons, this was not a measurement they
could actually do, hence the opportunity for disagreement.)
Page 25: A dictionary might define “strong” as “possessing powerful muscles,” but that’s not
an operational definition, because it doesn’t say how to measure strength numerically. One
possible operational definition would be the number of pounds a person can bench press.
Page 28: A microsecond is 1000 times longer than a nanosecond, so it would seem like 1000
seconds, or about 20 minutes.
Page 29: Exponents have to do with multiplication, not addition. The first line should be 100
times longer than the second, not just twice as long.
Page 32: The various estimates differ by 5 to 10 million. The CIA’s estimate includes a
ridiculous number of gratuitous significant figures. Does the CIA understand that every day,
people in are born in, die in, immigrate to, and emigrate from Nigeria?
Page 33: (1) 4; (2) 2; (3) 2
Page 36: 1 yd2 × (3 ft/1 yd)2 = 9 ft2
1 yd3 × (3 ft/1 yd)3 = 27 ft3
Page 42: C1 /C2 = (w1 /w2 )4
Answers to Self-Checks for Chapter 1
Page 58: The stream has to spread out. When the velocity becomes zero, it seems like the
cross-sectional area has to become infinite. In reality, this is the point where the water turns
around and comes back down. The infinity isn’t real; it occurs mathematically because we used
a simplified model of the the stream of water, assuming, for instance, that the water’s velocity
is always straight up.
Page 60: A positive ∆x means the object is moving in the same direction as the positive x
axis. A negative ∆x means it’s going the opposite direction.
Page 66: (1) The effect only occurs during blastoff, when their velocity is changing. Once the
rocket engines stop firing, their velocity stops changing, and they no longer feel any effect. (2)
It is only an observable effect of your motion relative to the air.
Page 68: Galilean relativity says that experiments can’t come out differently just because
they’re performed while in motion. The tilting of the surface tells us the train is accelerating,
but it doesn’t tell us anything about the train’s velocity at that instant. The person in the train
might say the bottle’s velocity was zero (but changing), whereas a person working in a reference
frame attached to the dirt outside says it’s moving; they don’t agree on velocities. They do
agree on accelerations. The person in the train has to agree that the train is accelerating, since
otherwise there’s no reason for the funny tilting effect.
Page 69: Yes. In U.S. currency, for instance, the quantum of money is one cent.
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Answers to Self-Checks for Chapter 2
Page 90: There are two reasonable possibilities we could imagine — neither of which ends up
making much sense — if we insist on the straight-line trajectory. (1) If the car has constant
speed along the line, then in the * frame we see it going straight down at constant speed. It
makes sense that it goes straight down in the * frame of reference, since in that frame it was
never moving horizontally, and there’s no reason for it to start. However, it doesn’t make sense
that it goes down with constant speed, since falling objects are supposed to speed up the whole
time they fall. This violates both Galilean relativity and conservation of energy. (2) If it’s
speeding up and moving along a diagonal line in the original frame, then it might be conserving
energy in one frame or the other. But if it’s speeding up along a line, then as seen in the original
frame, both its vertical motion and its horizontal motion must be speeding up. If its horizontal
velocity is increasing in the original frame, then it can’t be zero and remain zero in the * frame.
This violates Galilean relativity, since in the * frame the car apparently starts moving sideways
for no reason.
Answers to Self-Checks for Chapter 3
Page 143: By shifting his weight around, he can cause the center of mass not to coincide with
the geometric center of whe wheel.
Page 151: (1) This is motion, not force. (2) This is a description of how the sub is able to get
the water to produce a forward force on it. (3) The sub runs out of energy, not force.
Page 153: (1) It’s kinetic friction, because her uniform is sliding over the dirt. (2) It’s static
friction, because even though the two surfaces are moving relative to the landscape, they’re not
slipping over each other. (3) Only kinetic friction creates heat, as when you rub your hands
together. If you move your hands up and down together without sliding them across each other,
no heat is produced by the static friction.
Page 152: Frictionless (or nearly frictionless) ice can certainly make a normal force, since
otherwise a hockey puck would sink into the ice. Friction is not possible without a normal force,
however: we can see this from the equation, or from common sense, e.g. while sliding down a
rope you don’t get any friction unless you grip the rope.
Page 154: (1) Normal forces are always perpendicular to the surface of contact, which means
right or left in this figure. Normal forces are repulsive, so the cliff’s force on the feet is to the
right, i.e., away from the cliff. (2) Frictional forces are always parallel to the surface of contact,
which means right or left in this figure. Static frictional forces are in the direction that would
tend to keep the surfaces from slipping over each other. If the wheel was going to slip, its surface
would be moving to the left, so the static frictional force on the wheel must be in the direction
that would prevent this, i.e., to the right. This makes sense, because it is the static frictional
force that accelerates the dragster. (3) Normal forces are always perpendicular to the surface of
contact. In this diagram, that means either up and to the left or down and to the right. Normal
forces are repulsive, so the ball is pushing the bat away from itself. Therefore the ball’s force is
down and to the right on this diagram.
Page 195:
Page 171: The dashed lines on the graph are about twice as far apart in the second cycle
compared to the first, so the amplitude has doubled. For sufficiently small oscillations around
an equilibrium with x = 0 and U (0) = 0, it’s always a good approximation to take U ∝ x2 ,
so the energy is proportional to the square of the amplitude; this is a general fact about all
oscillations, provided that the amplitude is small. Since the amplitude doubled, the energy
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quadrupled.
Page 174: The two graphs start off with the same amplitude, but the solid curve loses amplitude
more rapidly. For a given time, t, the quantity e−ct is apparently smaller for the solid curve,
meaning that ct is greater. The solid curve has the higher value of c.
Page 176: A decaying exponential never dies out to zero in any finite amount of time.
Page 180: In the expression
A ==

Fm
q
m (ω 2 − ωo2 )2 + ωo2 ω 2 Q−2

from page 918, substituting ω = ωo makes the first term inside the square root vanish, which
should make the denominator pretty small, thereby producing a pretty big amplitude. In the
limit of Q = ∞, Q−2 = 0, so the second term vanishes, and ω = ωo actually produces an infinite
amplitude. For values of Q that are large but finite, we still expect to get resonance pretty close
to ω = ωo . Setting ω = ωo in the finite-Q case, p
the first term vanishes, we can simplify the
square root, and the result ends up being A ∝ 1/ Q−2 ∝ Q. This is only an approximation,
because we had to assume early on that Q was large.
Page 194: F = ma
Page ??:

Answers to Self-Checks for Chapter 4
Page 256: Torques 1, 2, and 4 all have the same sign, because they are trying to twist the
wrench clockwise. The sign of 3 is opposite to the signs of 1, 2, and 4. The magnitude of 3 is the
greatest, since it has a large r and the force is nearly all perpendicular to the wrench. Torques
1 and 2 are the same because they have the same values of r and F⊥ . Torque 4 is the smallest,
due to its small r.
Page 265: One person’s θ-t graph would simply be shifted up or down relative to the others.
The derivative equals the slope of the tangent line, and this slope isn’t changed when you shift
the graph, so both people would agree on the angular velocity.
Page 267: Reversing the direction of ω also reverses the direction of motion, and this is reflected
by the relationship between the plus and minus signs. In the equation for the radial acceleration,
ω is squared, so even if ω is negative, the result is positive. This makes sense because the
acceleration is always inward in circular motion, never outward.
Page 279: All the rotations around the x axis give ω vectors along the positive x axis (thumb
pointing along positive x), and all the rotations about the y axis have ω vectors with positive y
components.
Page 282: For example, if we take (A × B)x = Ay Bz − By Az and reverse the A’s and B’s, we
get (B × A)x = By Az − Ay Bz , which is just the negative of the original expression.
Answers to Self-Checks for Chapter 5
Page 303: Solids can exert shear forces. A solid could be in an equilibrium in which the shear

929

forces were canceling the forces due to sideways pressure gradients. For example, if I push on
a brick wall, it will give by perhaps a millionth of an inch, but it will reach an equilibrium, in
which the shear forces cancel out the effect of the pressure gradient.
Page 303: (1) Not valid. The equation only applies to fluids. (2) Valid. The density of the air
is nearly constant between the top and bottom of the building. (3) Not valid. There is a large
difference is the density of the air between the top and the bottom of the mountain. (4) Not
valid, because g isn’t constant throughout the interior of the earth. (5) Not valid, because the
air is flowing around the wing. The air is accelerating, so it is not in equilibrium.
Page 323: Heating the gas at constant pressure requires adding heat to it, which increases its
entropy. To increase the gas’s pressure while keeping its temperature constant, we would have
to compress it, which would give it a smaller volume to inhabit, and therefore fewer possible
positions for each atom. The whole thing has to be proportional to n because entropy is additive.
Answers to Self-Checks for Chapter 6
Page 344: The leading edge is moving up, the trailing edge is moving down, and the top of the
hump is motionless for one instant.
Page 363: The energy of a wave is usually proportional to the square of the amplitude. Squaring
a negative number gives a positive result, so the energy is the same
Page 364: A substance is invisible to sonar if the speed of sound waves in it is the same as in
water. Reflections occur only at boundaries between media in which the wave speed is different.
Page 365: No. A material object that loses kinetic energy slows down, but a wave is not a
material object. The velocity of a wave ordinarily only depends on the medium, not on the
amplitude. The speed of soft sound, for example, is the same as the speed of loud sound.
Page 372: No. To get the best possible interference, the thickness of the coating must be such
that the second reflected wave train lags behind the first by an integer number of wavelengths.
Optimal performance can therefore only be produced for one specific color of light. The typical
greenish color of the coatings shows that it does the worst job for green light.
Page 373: The period is the time required to travel a distance 2L at speed v, T = 2L/v. The
frequency is f = 1/T = v/2L.
Page 377: The wave pattern will look like this:
Three quarters of a wavelength fit in the
tube, so the wavelength is three times shorter than that of the lowest-frequency mode, in which
one quarter of a wave fits. Since the wavelength is smaller by a factor of three, the frequency is
three times higher. Instead of fo , 2fo , 3fo , 4fo , . . ., the pattern of wave frequencies of this air
column goes fo , 3fo , 5fo , 7fo , . . .
Answers to Self-Checks for Chapter 7
Page 392: At v = 0, we get γ = 1, so t = T . There is no time distortion unless the two frames
of reference are in relative motion.
Page 414: The total momentum is zero before the collision. After the collision, the two momenta
have reversed their directions, but they still cancel. Neither object has changed its kinetic energy,
so the total energy before and after the collision is also the same.
Page 412: Both the time axis and the position axis have been turned around. Flipping the
time axis means that the roles of transmitter and receiver have been swapped, and it also means
that Alice and Betty are approaching one another rather that receding. The time experienced
by the receiving observer is now the longer one, so the Doppler-shift factor has been inverted:
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the receiver now measures a Doppler shift of 1/2 rather than 2 in frequency.
Page 421: At v = 0, we have γ = 1, so the mass-energy is mc2 as claimed. As v approaches c,
γ approaches infinity, so the mass energy becomes infinite as well.
Answers to Self-Checks for Chapter 8
Page 461: Either type can be involved in either an attraction or a repulsion. A positive charge
could be involved in either an attraction (with a negative charge) or a repulsion (with another
positive), and a negative could participate in either an attraction (with a positive) or a repulsion
(with a negative).
Page 462: It wouldn’t make any difference. The roles of the positive and negative charges in
the paper would be reversed, but there would still be a net attraction.
Page 472: Yes. In U.S. currency, the quantum of money is the penny.
Page 492: Thomson was accelerating electrons, which are negatively charged. This apparatus
is supposed to accelerated atoms with one electron stripped off, which have positive net charge.
In both cases, a particle that is between the plates should be attracted by the forward plate and
repelled by the plate behind it.
Page 500: The hydrogen-1 nucleus is simple a proton. The binding energy is the energy required
to tear a nucleus apart, but for a nucleus this simple there is nothing to tear apart.
Answers to Self-Checks for Chapter 9
Page 529: The large amount of power means a high rate of conversion of the battery’s chemical
energy into heat. The battery will quickly use up all its energy, i.e. “burn out.”
Answers to Self-Checks for Chapter 10
Page 567: The reasoning is exactly analogous to that used in example 1 on page 565 to derive
an equation for the gravitational field of the earth. The field is F/qt = (kQqt /r2 )/qt = kQ/r2 .
Page 573:
dV
dx 

d kQ
=−
dx
r
kQ
= 2
r

Ex = −

Page 574: (a) The voltage (height) increases as you move to the east or north. If we let the
positive x direction be east, and choose positive y to be north, then dV / dx and dV / dy are both
positive. This means that Ex and Ey are both negative, which makes sense, since the water is
flowing in the negative x and y directions (south and west).
(b) The electric fields are all pointing away from the higher ground. If this was an electrical
map, there would have to be a large concentration of charge all along the top of the ridge, and
especially at the mountain peak near the south end.
Page 587: (a) The energy density depends on E · E, which equals Ex2 + Ey2 + Ez2 .
(b) Since Ex is squared, reversing its sign has no effect on the energy density. This makes sense,
because otherwise we’d be saying that the positive and negative x axes in space were somehow
physically different in their behavior, which would violate the symmetry of space.
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Page 587:
N−1 m−2 C2 V2 m−2 m2 m = N−1 m−1 C2 V2
= N−1 m−1 J2
= J−1 J2
=J

Page 596: Yes. The mass has the same kinetic energy regardless of which direction it’s moving.
Friction coverts mechanical energy into heat at the same rate whether the mass is sliding to the
right or to the left. The spring has an equilibrium length, and energy can be stored in it either
by compressing it (x < 0) or stretching it (x > 0).
Page 597: Velocity, v, is the derivative of position, x, with respect to time. This is exactly
analogous to I = dq/ dt.
Page 612: The impedance depends on the frequency at which the capacitor is being driven. It
isn’t just a single value for a particular capacitor.
√
Page 607: Say we’re looking for u = z, i.e., we want a number u that, multiplied by itself,
equals z. Multiplication multiplies the magnitudes, so the magnitude of u can be found by
taking the square root of the magnitude of z. Since multiplication also adds the arguments
of the numbers, squaring a number doubles its argument. Therefore we can simply divide the
argument of z by two to find the argument of u. This results in one of the square roots of z.
There is another one, which is −u, since (−u)2 is the same as u2 . This may seem a little odd:
if u was chosen so that doubling its argument gave the argument of z, then how can the same
be true for −u? Well for example, suppose the argument of z is 4◦ . Then arg u = 2◦ , and
arg(−u) = 182◦ . Doubling 182 gives 364, which is actually a synonym for 4 degrees.
Page 611: Only cos(6t − 4) can be represented by a complex number. Although the graph of
cos2 t does have a sinusoidal shape, it varies between 0 and 1, rather than −1 and 1, and there
is no way to represent that using complex numbers. The function tan t doesn’t even have a
sinusoidal shape.
Page 624: The quantity 4πkqin is now negative, so we’d better get a negative flux on the other
side of Gauss’ theorem. We do, because each field vector Ej is inward, while the corresponding
area vector, Aj , is outward. Vectors in opposite directions make negative dot products.
Answers to Self-Checks for Chapter 11
Page 662: For instance, imagine a small sphere around the negative charge, which we would
sketch on the two-dimensional paper as a circle. The field points inward at every point on
the sphere, so all the contributions to the flux are negative. There is no cancellation, and the
total flux is negative, which is consistent with Gauss’ law, since the sphere encloses a negative
charge. Copying the same surface onto the field of the bar magnet, however, we find that there is
inward flux on the top and outward flux on the bottom, where the surface is inside the magnet.
According to Gauss’ law for magnetism, these cancel exactly, which is plausible based on the
figure.
Page 660: From the top panel of the figure, where the magnetic field is turned off, we can
see that the beam leaves the cathode traveling upward, so in the bottom figure the electrons
must be circlng in the counterclockwise direction. To produce circular motion, the force must be
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towards the center of the circle. We can arbitrarily pick a point on the circle at which to analyze
the vectors — let’s pick the right-hand side. At this point, the velocity vector of the electrons
is upward. Since the electrons are negatively charged, the force qv × B is given by −v × B,
not +v × B. Circular orbits are produced when the motion is in the plane perpendicular to
the field, so the field must be either into or out of the page. If the field was into the page, the
right-hand rule would give v × B to the left, which is towards the center, but the force would
be in the direction of −v × B, which would be outwards. The field must be out of the page.
Page 666: Plugging z = 0 into the equation gives Bz = 4kI/c2 h. This is simply twice the field
of a single wire at a distance h. At this location, the fields contributed by the two wires are
parallel, so vector addition simply gives a vector twice as strong.
Page 678: The circulation around the Ampèrian surface we used was counterclockwise, since
the field on the bottom was to the right. Applying the right-hand rule, the current Ithrough must
have been out of the page at the top of the solenoid, and into the page at the bottom.
Page 678: The quantity ` came in because we set η = N I/`. Based on that, it’s clear that `
represents the length of the solenoid, not the length of the wire.
Page 679: Doubling the radius of the solenoid would mean that every distance in the problem
would be doubled, which would tend to make the fields weaker, since fields fall off with distance.
However, doubling the radius would also mean that we had twice as much wire, and therefore
twice as many moving charges to create magnetic fields. Since the magnetic field of a wire falls
off like 1/r, it’s not surprising that the first effect amounts to exactly a factor of 1/2, which is
exactly enough to cancel out the factor of 2 from the second effect.
Page 691: Unless the engine is already turning over, the permanent magnet isn’t spinning, so
there is no change in the magnetic field. Only a changing magnetic field creates an induced
electric field.
Page 696: Let’s get all the electrical units in terms of Teslas. Electric field units can be
expressed as T · m/s. The circulation of the electric field has units of electric field multiplied by
distance, or T · m2 /s. On the right side, the derivative ∂B/∂t has units of T/s, and multiplying
this my area gives units of T · m2 /s, just like on the left side.
Page 714: An (idealized) battery is a circuit element that always maintains the same voltage
difference across itself, so by the loop rule, the voltage difference across the capacitor must
remain unchanged, even while the dielectric is being withdrawn. The bound charges on the
surfaces of the dielectric have been attracting the free charges in the plates, causing them to
charge up more than they ordinarily would have. As the dielectric is withdrawn, the capacitor
will be partially discharged, and we will observe a current in the ammeter. Since the dielectric
is attracted to the plates, positive work is done in extracting it, indicating that there must be an
increase in the electrical energy stored in the capacitor. This may seem paradoxical, since the
energy stored in a capacitor is (1/2)CV 2 , and we are decreasing the capacitance. However, the
energy (1/2)CV 2 is calculated in terms of the work required to deposit the free charge on the
plates. In addition to this energy, there is also energy stored in the dielectric itself. By moving
its bound charges farther away from the free charges in the plates, to which they are attracted,
we have increased their electrical energy. This energy of the bound charges is inaccessible to
the electric circuit.
Answers to Self-Checks for Chapter 12
Page 748: Only 1 is correct. If you draw the normal that bisects the solid ray, it also bisects
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the dashed ray.
Page 752: You should have found from your ray diagram that an image is still formed, and it
has simply moved down the same distance as the real face. However, this new image would only
be visible from high up, and the person can no longer see his own image.
Page 757: Increasing the distance from the face to the mirror has decreased the distance from
the image to the mirror. This is the opposite of what happened with the virtual image.
Page 767: At the top of the graph, di approaches infinity when do approaches f . Interpretation:
the rays just barely converge to the right of the mirror.
On the far right, di approaches f as do approaches infinity; this is the definition of the focal
length.
At the bottom, di approaches negative infinity when do approaches f from the other side.
Interpretation: the rays don’t quite converge on the right side of the mirror, so they appear to
have come from a virtual image point very far to the left of the mirror.
Page 776: (1) If n1 and n2 are equal, Snell’s law becomes sin θ1 = sin θ2 , which implies θ1 = θ2 ,
since both angles are between 0 and 90◦ . The graph would be a straight line along the diagonal
of the graph. (2) The graph is farthest from the diagonal when the angles are large, i.e., when
the ray strikes the interface at a grazing angle.
Page 781: (1) In 1, the rays cross the image, so it’s real. In 2, the rays only appear to have
come from the image point, so the image is virtual. (2) A rays is always closer to the normal in
the medium with the higher index of refraction. The first left turn makes the ray closer to the
normal, which is what should happen in glass. The second left turn makes the ray farther from
the normal, and that’s what should happen in air. (3) Take the topmost ray as an example. It
will still take two right turns, but since it’s entering the lens at a steeper angle, it will also leave
at a steeper angle. Tracing backward to the image, the steeper lines will meet closer to the lens.
Page 790: It would have to have a wavelength on the order of centimeters or meters, the same
distance scale as that of your body. These would be microwaves or radio waves. (This effect can
easily be noticed when a person affects a TV’s reception by standing near the antenna.) None
of this contradicts the correspondence principle, which only states that the wave model must
agree with the ray model when the ray model is applicable. The ray model is not applicable
here because λ/d is on the order of 1.
Page 792: At this point, both waves would have traveled nine and a half wavelengths. They
would both be at a negative extreme, so there would be constructive interference.
Page 796: Judging by the distance from one bright wave crest to the next, the wavelength
appears to be about 2/3 or 3/4 as great as the width of the slit.
Page 797: Since the wavelengths of radio waves are thousands of times longer, diffraction causes
the resolution of a radio telescope to be thousands of times worse, all other things being equal.
(To compensate for the wavelength, it’s desirable to make the telescope very large, as in figure
z on page 797.)
Answers to Self-Checks for Chapter 13
Page 832: (1) Most people would think they were positively correlated, but it’s possible that
they’re independent. (2) These must be independent, since there is no possible physical mechanism that could make one have any effect on the other. (3) These cannot be independent, since
dying today guarantees that you won’t die tomorrow.
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Page 834: The area under the curve from 130 to 135 cm is about 3/4 of a rectangle. The area
from 135 to 140 cm is about 1.5 rectangles. The number of people in the second range is about
twice as much. We could have converted these to actual probabilities (1 rectangle = 5 cm ×
0.005 cm−1 = 0.025), but that would have been pointless because we were just going to compare
the two areas.
Page 839: On the left-hand side, dN is a unitless count, and dt is an infinitesimal amount of
time, with units of seconds, so the units are s−1 as claimed. On the right, both N (0) and the
exponential factor are unitless, so the only units come from the factor of 1/τ , which again has
units of s−1 .
Page 848: The axes of the graph are frequency and photon energy, so its slope is Planck’s
constant. It doesn’t matter if you graph e∆V rather than W + e∆V , because that only changes
the y-intercept, not the slope.
Page 861: Wavelength is inversely proportional to momentum, so to produce a large wavelength
we would need to use electrons with very small momenta and energies. (In practical terms, this
isn’t very easy to do, since ripping an electron out of an object is a violent process, and it’s not
so easy to calm the electrons down afterward.)
Page 870: Under the ordinary circumstances of life, the accuracy with which we can measure
position and momentum of an object doesn’t result in a value of ∆p∆x that is anywhere near
the tiny order of magnitude of Planck’s constant. We run up against the ordinary limitations
on the accuracy of our measuring techniques long before the uncertainty principle becomes an
issue.
Page 874: No. The equation K = p2 /2m is nonrelativistic, so it can’t be applied to an electron
moving at relativistic speeds. Photons always move at relativistic speeds, so it can’t be applied
to them either.
Page 876: Dividing by Planck’s constant, a small number, gives a large negative result inside
the exponential, so the probability will be very small.
Page 892: The original argument was that a kink would have a zero wavelength, which would
correspond to an infinite momentum and an infinite kinetic energy, and that would violate
conservation of energy. But the kink in this example occurs at r = 0, which is right on top
of the proton, where the electrical energy −ke2 /r is infinite and negative. Since the electrical
energy is negative and infinite, we’re actually required to have an infinite positive kinetic energy
in order to come up with a total that conserves energy.
Page 885: If you trace a circle going around the center, you run into a series of eight complete
wavelengths. Its angular momentum is 8~.
Page 887: n = 3, ` = 0, `z = 0: one state; n = 3, ` = 1, `z = −1, 0, or 1: three states; n = 3,
` = 2, `z = −2, −1, 0, 1, or 2: five states

Answers
Answers for Chapter 2
Page 124, problem 37: K = k1 k2 /(k1 + k2 ) = 1/(1/k1 + 1/k2 )
Answers for Chapter 3
Page 218, problem 5: After the collision it is moving at 1/3 of its initial speed, in the same
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direction it was initially going (it “follows through”).
√
Page 225, problem 41: Q = 1/ 2
Page 225, problem 43: (a) 7 × 10−8 radians, or about 4 × 10−6 degrees.
Page 227, problem 51: (a) R = (2v 2 /g) sin θ cos θ

(c) 45

◦

Page 227, problem 52: (a) The optimal angle is about 40◦ , and the resulting range is about
124 meters, which is about the length of a home run. (b) It goes about 9 meters farther. For
comparison with reality, the stadium’s web site claims a home run goes about 11 meters farther
there than in a sea-level stadium.
Answers for Chapter 5
Page 338, problem 7: (c) n ≈ 16
Page 338, problem 9: (a) ∼ 2 − 10% (b) 5% (c) The high end for the body’s actual efficiency
is higher than the limit imposed by the laws of thermodynamics. However, the high end of
the 1-5 watt range quoted in the problem probably includes large people who aren’t just lying
around. Still, it’s impressive that the human body comes so close to the thermodynamic limit.
Page 339, problem 10: (a) Looking up the relevant density for air, and converting everything
to mks, we get a frequency of 730 Hz. This is on the right order of magnitude, which is
promising, considering the crudeness of the approximation. (b) This brings the result down to
400 Hz, which is amazingly close to the observed frequency of 300 Hz.
Answers for Chapter 6
Page 380, problem 9: (b) g/2
Page 381, problem 13: Check: The actual length of a flute is about 66 cm from the tip of
the mouthpiece to the end of the bell.
Page 380, problem 8: (a) T = µω 2 r2
Page 382, problem 17: (a) f = 4α/(1 + α)2 (b) v2 =

√

v1 v3

Answers for Chapter 10
Page 640, problem 22: (a) E = 2kλ/R.
Answers for Chapter 11
Page 721, problem 5: (a) I = λv.
Page 721, problem 6: (b) 2kI1 I2 L/c2 R.
Answers for Chapter 12
Page 815, problem 61: f /
Answers for Chapter 13
Page 907, problem 40: about 10−10

Solutions
Solutions for Chapter 0
Page 48, problem 6:

134 mg ×
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Page 48, problem 8: (a) Let’s do 10.0 g and 1000 g. The arithmetic mean is 505 grams. It
comes out to be 0.505 kg, which is consistent. (b) The geometric mean comes out to be 100
g or 0.1 kg, which is consistent. (c) If we multiply meters by meters, we get square meters.
Multiplying grams by grams should give square grams! This sounds strange, but it makes sense.
Taking the square root of square grams (g2 ) gives grams again. (d) No. The superduper mean
of two quantities with units of grams wouldn’t even be something with units of grams! Related
to this shortcoming is the fact that the superduper mean would fail the kind of consistency test
carried out in the first two parts of the problem.
Page 49, problem 12: (a) They’re all defined in terms of the ratio of side of a triangle to
another. For instance, the tangent is the length of the opposite side over the length of the
adjacent side. Dividing meters by meters gives a unitless result, so the tangent, as well as the
other trig functions, is unitless. (b) The tangent function gives a unitless result, so the units on
the right-hand side had better cancel out. They do, because the top of the fraction has units of
meters squared, and so does the bottom.
Page 50, problem 17: The problem requires us to relate a and t, for a fixed value of the
distance ∆x. To find a relationship among these three variables, we start with d2 x/ dt2 = a,
and integrate twice to find ∆x = 21 at2 . This tells us that for a fixed value of ∆x, we have
√
√
t ∝ 1/ a. Decreasing a by a factor of 3 means that t will increase by a factor of 3 = 1.7.
(The given piece of data, 3, only has one sig fig, but rounding the final result off to one sig fig,
giving 2 rather then 1.7, would be a little too severe. As discussed in section 0.1.10, sig figs are
only a rule of thumb, and when in doubt, you can change the input data to see how much the
output would have changed. The ratio of the gravitational fields on Earth and Mars must be in
the range from 2.5 to 3.5, since otherwise the given data would not have been rounded off to 3.
Using this range of inputs, the possible range of values for the final result becomes 1.6 to 1.9.
The final digit in the 1.7 is therefore a little uncertain, but it’s not complete garbage. It carries
useful information, and should not be thrown out.)
Page 51, problem 19: (a) Solving for ∆x = 12 at2 for a, we find a = 2∆x/t2 = 5.51 m/s2 .
√
(b) v = 2a∆x = 66.6 m/s. (c) The actual car’s final velocity is less than that of the idealized
constant-acceleration car. If the real car and the idealized car covered the quarter mile in the
same time but the real car was moving more slowly at the end than the idealized one, the real
car must have been going faster than the idealized car at the beginning of the race. The real car
apparently has a greater acceleration at the beginning, and less acceleration at the end. This
make sense, because every car has some maximum speed, which is the speed beyond which it
cannot accelerate.
Page 52, problem 31:
1 mm2 ×



1 cm
10 mm

2

= 10−2 cm2

Page 52, problem 32: The bigger scope has a diameter that’s ten times greater. Area scales
as the square of the linear dimensions, so its light-gathering power is a hundred times greater
(10 × 10).
Page 52, problem 33: Since they differ by two steps on the Richter scale, the energy of the
bigger quake is 10000 times greater. The wave forms a hemisphere, and the surface area of the
hemisphere over which the energy is spread is proportional to the square of its radius. If the
amount of vibration was the same, then the surface areas much be in the ratio of 10000:1, which
means that the ratio of the radii is 100:1.
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Page 53, problem 38: The cone of mixed gin and vermouth is the same shape as the cone
of vermouth, but its linear dimensions are doubled, so its volume is 8 times greater. The ratio
of gin to vermouth is 7 to 1.
Page 53, problem 40: Scaling down the linear dimensions by a factor of 1/10 reduces the
volume by a factor of (1/10)3 = 1/1000, so if the whole cube is a liter, each small one is one
milliliter.
Page 54, problem 41: Let’s estimate the Great Wall’s volume, and then figure out how many
bricks that would represent. The wall is famous because it covers pretty much all of China’s
northern border, so let’s say it’s 1000 km long. From pictures, it looks like it’s about 10 m high
and 10 m wide, so the total volume would be 106 m × 10 m × 10 m = 108 m3 . If a single brick
has a volume of 1 liter, or 10−3 m3 , then this represents about 1011 bricks. If one person can
lay 10 bricks in an hour (taking into account all the preparation, etc.), then this would be 1010
man-hours.
Page 54, problem 44: Directly guessing the number of jelly beans would be like guessing
volume directly. That would be a mistake. Instead, we start by estimating the linear dimensions,
in units of beans. The contents of the jar look like they’re about 10 beans deep. Although the
jar is a cylinder, its exact geometrical shape doesn’t really matter for the purposes of our orderof-magnitude estimate. Let’s pretend it’s a rectangular jar. The horizontal dimensions are also
something like 10 beans, so it looks like the jar has about 10 × 10 × 10 or ∼ 103 beans inside.
Solutions for Chapter 1
Page 71, problem 12: To the person riding the moving bike, bug A is simply going in circles.
The only difference between the motions of the two wheels is that one is traveling through space,
but motion is relative, so this doesn’t have any effect on the bugs. It’s equally hard for each of
them.
Solutions for Chapter 2
Page 118, problem 1: (a) The energy stored in the gasoline is being changed into heat via
frictional heating, and also probably into sound and into energy of water waves. Note that the
kinetic energy of the propeller and the boat are not changing, so they are not involved in the
energy transformation. (b) The crusing speed would be greater by a factor of the cube root of
2, or about a 26% increase.
Page 118, problem 2: We don’t have actual masses and velocities to plug in to the equation, but that’s OK. We just have to reason in terms of ratios and proportionalities. Kinetic energy is proportional to mass and to the square of velocity, so B’s kinetic energy equals
(13.4 J)(3.77)/(2.34)2 = 9.23 J.
Page 118, problem 3: Room temperature is about 20◦ C. The fraction of the power that
actually goes into heating the water is

(250 g)/(0.24 J/g◦ C) × (100◦ C-20◦ C)/126 s
= 0.53
1.25 × 103 J/s

So roughly half of the energy is wasted. The wasted energy might be in several forms: heating
of the cup, heating of the oven itself, or leakage of microwaves from the oven.
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Page 118, problem 5:
Etotal,i = Etotal,f
Ui + heati = Uf + heatf + Kf
1
mv 2 = Ui − Uf + heati − heatf
2
= −∆U − ∆heat
s 

−∆U − ∆heat
v= 2
m
= 6.4 m/s
Solutions for Chapter 3
Page 218, problem 4: A conservation law is about addition: it says that when you add up
a certain thing, the total always stays the same. Funkosity would violate the additive nature of
conservation laws, because a two-kilogram mass would have twice as much funkosity as a pair
of one-kilogram masses moving at the same speed.
Page 219, problem 12: Momentum is a vector. The total momentum of the molecules
is always zero, since the momenta in different directions cancal out on the average. Cooling
changes individual molecular momenta, but not the total.
Page 220, problem 15: a = ∆v/∆t, and also a = F/m, so
∆v
a
m∆v
=
F
(1000 kg)(50 m/s − 20 m/s)
=
3000 N
= 10 s

∆t =

Page 221, problem 23: (a) This is a measure of the box’s resistance to a change in its state
of motion, so it measures the box’s mass. The experiment would come out the same in lunar
gravity.
(b) This is a measure of how much gravitational force it feels, so it’s a measure of weight. In
lunar gravity, the box would make a softer sound when it hit.
(c) As in part a, this is a measure of its resistance to a change in its state of motion: its mass.
Gravity isn’t involved at all.
Page 223, problem 34: (a) The swimmer’s acceleration is caused by the water’s force on the
swimmer, and the swimmer makes a backward force on the water, which accelerates the water
backward. (b) The club’s normal force on the ball accelerates the ball, and the ball makes a
backward normal force on the club, which decelerates the club. (c) The bowstring’s normal force
accelerates the arrow, and the arrow also makes a backward normal force on the string. This
force on the string causes the string to accelerate less rapidly than it would if the bow’s force
was the only one acting on it. (d) The tracks’ backward frictional force slows the locomotive
down. The locomotive’s forward frictional force causes the whole planet earth to accelerate by
a tiny amount, which is too small to measure because the earth’s mass is so great.
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Page 224, problem 37: (a) Spring constants in parallel add, so the spring constant has to
be proportional to the cross-sectional area. Two springs in series give half the spring constant,
three springs in series give 1/3, and so on, so the spring constant has to be inversely proportional
to the length. Summarizing, we have k ∝ A/L.
(b) With the Young’s modulus, we have k = (A/L)E.The spring constant has units of N/m, so
the units of E would have to be N/m2 .
Page 226, problem 44: By conservation of momentum, the total momenta of the pieces after
the explosion is the same as the momentum of the firework before the explosion. However, there
is no law of conservation of kinetic energy, only a law of conservation of energy. The chemical
energy in the gunpowder is converted into heat and kinetic energy when it explodes. All we can
say about the kinetic energy of the pieces is that their total is greater than the kinetic energy
before the explosion.
Page 226, problem 45: Let m be the mass of the little puck and M = 2.3m be the mass
of the big one. All we need to do is find the direction of the total momentum vector before
the collision, because the total momentum vector is the same after the collision. Given the two
components of the momentum vector px = mv and py = M v, the direction of the vector is
tan−1 (py /px ) = 23◦ counterclockwise from the big puck’s original direction of motion.
Page 229, problem 62: We want to find out about the velocity vector vBG of the bullet
relative to the ground, so we need to add Annie’s velocity relative to the ground vAG to the
bullet’s velocity vector vBA relative to her. Letting the positive x axis be east and y north, we
have
vBA,x = (140 mi/hr) cos 45◦
= 100 mi/hr
vBA,y = (140 mi/hr) sin 45◦
= 100 mi/hr
and
vAG,x = 0
vAG,y = 30 mi/hr.
The bullet’s velocity relative to the ground therefore has components
vBG,x = 100 mi/hr
and
vBG,y = 130 mi/hr.

Its speed on impact with the animal is the magnitude of this vector
q
|vBG | = (100 mi/hr)2 + (130 mi/hr)2
= 160 mi/hr
(rounded off to two significant figures).
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Page 229, problem 63: Since its velocity vector is constant, it has zero acceleration, and the
sum of the force vectors acting on it must be zero. There are three forces acting on the plane:
thrust, lift, and gravity. We are given the first two, and if we can find the third we can infer the
plane’s mass. The sum of the y components of the forces is zero, so
0 = Fthrust,y + Flif t,y + Fg,y
= |Fthrust | sin θ + |Flif t | cos θ − mg.
The mass is
m = (|Fthrust | sin θ + |Flif t | cos θ)/g
= 7.0 × 104 kg.
Page 229, problem 64: (a) Since the wagon has no acceleration, the total forces in both the
x and y directions must be zero. There are three forces acting on the wagon: T , Fg , and the
normal force from the ground, Fn . If we pick a coordinate system with x being horizontal and y
vertical, then the angles of these forces measured counterclockwise from the x axis are 90◦ − φ,
270◦ , and 90◦ + θ, respectively. We have
Fx,total = T cos(90◦ − φ) + Fg cos(270◦ ) + Fn cos(90◦ + θ)
Fy,total = T sin(90◦ − φ) + Fg sin(270◦ ) + Fn sin(90◦ + θ),
which simplifies to
0 = T sin φ − Fn sin θ
0 = T cos φ − Fg + Fn cos θ.
The normal force is a quantity that we are not given and do not wish to find, so we should
choose it to eliminate. Solving the first equation for Fn = (sin φ/ sin θ)T , we eliminate Fn from
the second equation,
0 = T cos φ − Fg + T sin φ cos θ/ sin θ
and solve for T , finding
T =

Fg
cos φ + sin φ cos θ/ sin θ

Multiplying both the top and the bottom of the fraction by sin θ, and using the trig identity for
sin(θ + φ) gives the desired result,
T =

sin θ
Fg s
sin(θ + φ)

(b) The case of φ = 0, i.e. pulling straight up on the wagon, results in T = Fg : we simply
support the wagon and it glides up the slope like a chair-lift on a ski slope. In the case of
φ = 180◦ − θ, T becomes infinite. Physically this is because we are pulling directly into the
ground, so no amount of force will suffice.
Page 230, problem 65: (a) If there was no friction, the angle of repose would be zero, so the
coefficient of static friction, µs , will definitely matter. We also make up symbols θ, m and g for
the angle of the slope, the mass of the object, and the acceleration of gravity. The forces form a
triangle just like the one in example 68 on page 203, but instead of a force applied by an external
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object, we have static friction, which is less than µs Fn . As in that example, Fs = mg sin θ, and
Fs < µs Fn , so
mg sin θ < µs Fn .
From the same triangle, we have Fn = mgcosθ, so
mg sin θ < µs mg cos θ.
Rearranging,
θ < tan−1 µs .
(b) Both m and g canceled out, so the angle of repose would be the same on an asteroid.
Solutions for Chapter 4
Page 288, problem 1: The pliers are not moving, so their angular momentum remains
constant at zero, and the total torque on them must be zero. Not only that, but each half of
the pliers must have zero total torque on it. This tells us that the magnitude of the torque at
one end must be the same as that at the other end. The distance from the axis to the nut is
about 2.5 cm, and the distance from the axis to the centers of the palm and fingers are about 8
cm. The angles are close enough to 90◦ that we can pretend they’re 90 degrees, considering the
rough nature of the other assumptions and measurements. The result is (300 N)(2.5 cm)=(F )(8
cm), or F =90 N.
Page 294, problem 37: The foot of the rod is moving in a circle relative to the center of the
rod, with speed v = πb/T , and acceleration v 2 /(b/2) = (π 2 /8)g. This acceleration is initially
upward, and is greater in magnitude than g, so the foot of the rod will lift off without dragging.
We could also worry about whether the foot of the rod would make contact with the floor again
before the rod finishes up flat on its back. This is a question that can be settled by graphing,
or simply by inspection of figure i on page 276. The key here is that the two parts of the
acceleration are both independent of m and b, so the result is univeral, and it does suffice to
check a graph in a single example. In practical terms, this tells us something about how difficult
the trick is to do. Because π 2 /8 = 1.23 isn’t much greater than unity, a hit that is just a little
too weak (by a factor of 1.231/2 = 1.11) will cause a fairly obvious qualitative change in the
results. This is easily observed if you try it a few times with a pencil.
Solutions for Chapter 5
Page 339, problem 11: (a) We have
dP = ρg dy
Z
∆P = ρg dy,
and since we’re taking water to be incompressible, and g doesn’t change very much over 11 km
of height, we can treat ρ and g as constants and take them outside the integral.
∆P = ρg∆y
= (1.0 g/cm3 )(9.8 m/s2 )(11.0 km)
= (1.0 × 103 kg/m3 )(9.8 m/s2 )(1.10 × 104 m)
= 1.0 × 108 Pa
= 1.0 × 103 atm.
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The precision of the result is limited to a few percent, due to the compressibility of the water,
so we have at most two significant figures. If the change in pressure were exactly a thousand
atmospheres, then the pressure at the bottom would be 1001 atmospheres; however, this distinction is not relevant at the level of approximation we’re attempting here.
(b) Since the air in the bubble is in thermal contact with the water, it’s reasonable to assume
that it keeps the same temperature the whole time. The ideal gas law is P V = nkT , and
rewriting this as a proportionality gives
V ∝ P −1 ,
or
Vf
=
Vi



Pf
Pi

−1

≈ 103 .

Since the volume is proportional to the cube of the linear dimensions, the growth in radius is
about a factor of 10.
Page 339, problem 12: (a) Roughly speaking, the thermal energy is ∼ kB T (where kB is the
Boltzmann constant), and we need this to be on the same order of magnitude as ke2 /r (where
k is the Coulomb constant). For this type of rough estimate it’s not especially crucial to get
all the factors of two right, but let’s do so anyway. Each proton’s average kinetic energy due to
motion along a particular axis is (1/2)kB T . If two protons are colliding along a certain line in
the center-of-mass frame, then their average combined kinetic energy due to motion along that
axis is 2(1/2)kB T = kB T . So in fact the factors of 2 cancel. We have T = ke2 /kB r.
(b) The units are K = (J·m/C2 )(C2 )/((J/K)·m), which does work out.
(c) The numerical result is ∼ 1010 K, which as suggested is much higher than the temperature
at the core of the sun.
Page 340, problem 13: If the full-sized brick A undergoes some process, such as heating it
with a blowtorch, then we want to be able to apply the equation ∆S = Q/T to either the whole
brick or half of it, which would be identical to B. When we redefine the boundary of the system
to contain only half of the brick, the quantities ∆S and Q are each half as big, because entropy
and energy are additive quantities. T , meanwhile, stays the same, because temperature isn’t
additive — two cups of coffee aren’t twice as hot as one. These changes to the variables leave
the equation consistent, since each side has been divided by 2.
Page 340, problem 14: (a) If the expression 1 + by is to make sense, then by has to be
unitless, so b has units of m−1 . The input to the exponential function also has to be unitless,
so k also has of m−1 . The only factor with units on the right-hand side is Po , so Po must have
units of pressure, or Pa.
(b)
dP = ρg dy
1 dP
ρ=
g dy
Po −ky
=
e (−k − kby + b)
g
(c) The three terms inside the parentheses on the right all have units of m−1 , so it makes sense
to add them, and the factor in parentheses has those units. The units of the result from b then
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look like
Pa −1
kg
=
m
3
m
m/s2
N/m2
= 2 2
m /s
kg·m−1 ·s−2
,
=
m2 /s2
which checks out.
Solutions for Chapter 7
Page 445, problem 17: (a) Plugging in, we find
r
r
r
1−w
1−u 1−v
=
.
1+w
1+u 1+v
(b) First let’s simplify by squaring both sides.
1−w
1−u 1−v
=
·
.
1+w
1+u 1+v
For convenience, let’s write A for the right-hand side of this equation. We then have
1−w
=A
1+w
1 − w = A + Aw.
Solving for w,
1−A
1+A
(1 + u)(1 + v) − (1 − u)(1 − v)
=
(1 + u)(1 + v) + (1 − u)(1 − v)
2(u + v)
=
2(1 + uv)
u+v
=
1 + uv

w=

(c) This is all in units where c = 1. The correspondence principle says that we should get
w ≈ u + v when both u and v are small compared to 1. Under those circumstances, uv is the
product of two very small numbers, which makes it very, very small. Neglecting this term in
the denominator, we recover the nonrelativistic result.
Page 446, problem 22: At the center of each of the large triangle’s sides, the angles add up
to 180◦ because they form a straight line. Therefore 4s = S + 3 × 180◦ , so S − 180◦ = 4(s − 180◦ ).
Page 446, problem 28: By the equivalence principle, we can adopt a frame tied to the tossed
clock, B, and in this frame there is no gravitational field. We see a desk and clock A go by.
The desk applies a force to clock A, decelerating it and then reaccelerating it so that it comes
back. We’ve already established that the effect of motion is to slow down time, so clock A reads
a smaller time interval.
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Solutions for Chapter 9
Page 548, problem 1: ∆t = ∆q/I = e/I = 0.16 µs
Page 549, problem 12:
1/10 kΩ)−1 = 0.9 kΩ.

In series, they give 11 kΩ. In parallel, they give (1/1 kΩ +

Page 552, problem 25: The actual shape is irrelevant; all we care about is what’s connected to
what. Therefore, we can draw the circuit flattened into a plane. Every vertex of the tetrahedron
is adjacent to every other vertex, so any two vertices to which we connect will give the same
resistance. Picking two arbitrarily, we have this:

This is unfortunately a circuit that cannot be converted into parallel and series parts, and
that’s what makes this a hard problem! However, we can recognize that by symmetry, there
is zero current in the resistor marked with an asterisk. Eliminating this one, we recognize the
whole arrangement as a triple parallel circuit consisting of resistances R, 2R, and 2R. The
resulting resistance is R/2.
Page 553, problem 29: (a) Conservation of energy gives
UA = UB + KB
KB = UA − UB
1
mv 2 = e∆V
2
r
2e∆V
v=
m
(b) Plugging in numbers, we get 5.9 × 107 m/s. This is about 20% of the speed of light, so the
nonrelativistic assumption was good to at least a rough approximation.
Page 554, problem 32: It’s much more practical to measure voltage differences. To measure
a current, you have to break the circuit somewhere and insert the meter there, but it’s not
possible to disconnect the circuits sealed inside the board.
Solutions for Chapter 10
Page 638, problem 16: By symmetry, the field is always directly toward or away from the
center. We can therefore calculate it along the x axis, where r = x, and the result will be valid
for any location at that distance from the center.
dV
dx

d
=−
x−1 e−x
dx
= x−2 e−x + x−1 e−x

E=−

At small x, near the proton, the first term dominates, and the exponential is essentially 1, so we
have E ∝ x−2 , as we expect from the Coulomb force law. At large x, the second term dominates,
and the field approaches zero faster than an exponential.
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Page 646, problem 56:


sin(a + b) = ei(a+b) − e−i(a+b) /2i


= eia eib − e−ia e−ib /2i
= [(cos a + i sin a)(cos b + i sin b) − (cos a − i sin a)(cos b − i sin b)] /2i
= cos a sin b + sin a cos b
By a similar computation, we find cos(a + b) = cos a cos b − sin a sin b.
Page 646, problem 57: If z 3 = 1, then we know that |z| = 1, since cubing z cubes its
magnitude. Cubing z triples its argument, so the argument of z must be a number that, when
tripled, is equivalent to an angle of zero. There are three possibilities: 0×3 = 0, (2π/3)×3 = 2π,
and (4π/3) × 3 = 4π. (Other possibilities, such as (32π/3), are equivalent to one of these.) The
solutions are:
z = 1, e2πi/3 , e4πi/3
Page 646, problem 58: We can think of this as a polynomial in x or a polynomial in y —
their roles are symmetric. Let’s call x the variable. By the fundamental theorem of algebra, it
must be possible to factor it into a product of three linear factors, if the coefficients are allowed
to be complex. Each of these factors causes the product to be zero for a certain value of x. But
the condition for the expression to be zero is x3 = y 3 , which basically means that the ratio of x
to y must be a third root of 1. The problem, then, boils down to finding the three third roots
of 1, as in problem 57. Using the result of that problem, we find that there are zeroes when x/y
equals 1, e2πi/3 , and e4πi/3 . This tells us that the factorization is (x−y)(x−e2πi/3 y)(x−e4πi/3 y).
The second part of the problem asks us to factorize as much as possible using real coefficients.
Our only hope of doing this is to multiply out the two factors that involve complex coefficients,
and see if they produce something real. In fact, we can anticipate that it will work, because
the coefficients are complex conjugates of one another, and when a quadratic has two complex
roots, they are conjugates. The result is (x − y)(x2 + xy + y 2 ).
Solutions for Chapter 11
Page 732, problem 51: (a) For a material object, p = mv. The velocity vector reverses
itself, but mass is still positive, so the momentum vector is reversed.
(b) In the forward-time universe, conservation of momentum is p1,i + p2,i = p1,f + p2,f . In the
backward-time universe, all the momenta are reversed, but that just negates both sides of the
equation, so momentum is still conserved.
Page 734, problem 54: Note that in the Biot-Savart law, the variable r is defined as a vector
that points from the current to the point at which the field is being calculated, whereas in the
polar coordinates used to express the equation of the spiral, the vector more naturally points
the opposite way. This requires some fiddling with signs, which I’ll suppress, and simply identify
d` with dr.
kI
B= 2
c

Z

d` × r
r3

The vector dr has components dx = w(cos θ − θ sin θ) and dy = w(sin θ + θ cos θ). Evaluating
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the vector cross product, and substituting θ/w for r, we find
Z
kI
θ(cos θ sin θ − θ sin2 θ − cos θ sin θ − θ cos2 θ) dθ
B= 2
c w
θ3
Z
dθ
kI
= 2
c w
θ
kI
θ2
= 2 ln
c w θ1
kI
b
= 2 ln
c w a
Solutions for Chapter 12
Page 803, problem 16: See the ray diagram below. Decreasing θo decreases θi , so the
equation θf = ±θi + ±θo must have opposite signs on the right. Since θo is bigger than θi , the
only way to get a positive θf is if the signs are θf = −θi + θo . This gives 1/f = −1/di + 1/do .

Page 803, problem 19: (a) The object distance is less than the focal length, so the image is
virtual: because the object is so close, the cone of rays is diverging too strongly for the mirror to
bring it back to a focus. (b) At an object distance of 30 cm, it’s clearly going to be real. With
the object distance of 20 cm, we’re right at the crossing-point between real and virtual. For
this object position, the reflected rays will be parallel. We could consider this to be an image
at infinity. (c),(d) A diverging mirror can only make virtual images.
Page 807, problem 39: Since do is much greater than di , the lens-film distance di is essentially the same as f . (a) Splitting the triangle inside the camera into two right triangles,
straightforward trigonometry gives
w
θ = 2 tan−1
2f
◦
for the field of view. This comes out to be 39 and 64◦ for the two lenses. (b) For small angles,
the tangent is approximately the same as the angle itself, provided we measure everything in
radians. The equation above then simplifies to
w
θ=
f
The results for the two lenses are .70 rad = 40◦ , and 1.25 rad = 72◦ . This is a decent approximation.
(c) With the 28-mm lens, which is closer to the film, the entire field of view we had with the
50-mm lens is now confined to a small part of the film. Using our small-angle approximation
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θ = w/f , the amount of light contained within the same angular width θ is now striking a piece
of the film whose linear dimensions are smaller by the ratio 28/50. Area depends on the square
of the linear dimensions, so all other things being equal, the film would now be overexposed by
a factor of (50/28)2 = 3.2. To compensate, we need to shorten the exposure by a factor of 3.2.
Page 815, problem 59: One surface is curved outward and one inward. Therefore the minus
sign applies in the lensmaker’s equation. Since the radii of curvature are equal, the quantity
1/r1 − 1/r2 equals zero, and the resulting focal length is infinite. A big focal length indicates a
weak lens. An infinite focal length tells us that the lens is infinitely weak — it doesn’t focus or
defocus rays at all.
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Appendix 5: Useful Data
.0.7 Notation and terminology, compared with other books
Almost all the notation and terminology in Simple Nature is standard, but there are some
cases where there is no universal standard, and a very few cases where I’ve intentionally deviated
from a universal standard. The notation used by physicists is also different from that used
√ by
electrical and mechanical engineers; I use physics terminology and notation (notably −1 =
i, not j, and “torque” rather than “moment”), but employ the SI system of units used in
engineering, rather than the cgs units favored by some physicists.
Nonstandard terminology:
Potential energy is referred to in this book as interaction energy, or according to its type:
gravitational energy, electrical energy, etc.
The potential, in an electrical context, is referred to as voltage, e.g. I say that V = kq/r is
the voltage surrounding a point charge.
Heat and thermal energy are both referred to as heat. This is in keeping with casual usage
among scientists, but formal written usage dictates the use of “thermal energy” to mean
the kinetic energy an object has because of its molecules’ random motion, while “heat” is
the transfer of thermal energy.
Notation for which there is no universal standard:
Kinetic energy is written K. Standard notation is K, T , or KE.
Interaction energy is written U . Standard notation is U , V , or P E.
The unit vectors are x̂, ŷ, ẑ. Standard notation is either x̂, ŷ, ẑ or î, ĵ, k̂.
Distance from an axis in cylindrical coordinates is R. A more common notation in math
books is ρ, but this would conflict with the standard physics notation for the charge
density.
Vibrations do not have very well standardized terminology or notation. I use “frequency” to
refer to both f and ω, depending on the context to make it clear which is meant. The
frequency
p of free, damped oscillations is ωf , which is only approximately the same as
ωo = k/m. The full width at half-maximum of the resonance peak (on a plot of energy
versus frequency) is ∆ω.
The coupling constants for electricity and magnetism are written as k and k/c2 . This is
standard notation, but it would be more common in SI calculations to see everything
expressed in terms of o = 1/4πk and µo = 4πk/c2 . Numerically, we have k = 8.99 ×
109 N·m2 /C2 and k/c2 = 10−7 N/A2 , the latter being an exact relation.

.0.8 Notation and units
quantity
distance
time
mass
density
force
velocity
acceleration
gravitational field
energy
momentum
angular momentum
power
pressure
temperature
period
wavelength
frequency
charge
voltage
current
resistance
capacitance
inductance
electric field
magnetic field
focal length
magnification
index of refraction
electron wavefunction

unit
meter, m
second, s
kilogram, kg
kg/m3
newton, 1 N=1 kg·m/s2
m/s
m/s2
J/kg·m or m/s2
joule, J
kg·m/s
kg·m2 /s or J·s
watt, 1 W = 1 J/s
1 Pa=1 N/m2
K
s
m
s−1 or Hz
coulomb, C
volt, 1 V = 1 J/C
ampere, 1 A = 1 C/s
ohm, 1 Ω = 1 V/A
farad, 1 F = 1 C/V
henry, 1 H = 1 V·s/A
V/m or N/C
tesla, 1 T = 1 N·s/C·m
m
unitless
unitless
m−3/2

symbol
x, ∆x
t, ∆t
m
ρ
F
v
a
g
E (also electric field)
p
L (also inductance)
P (also pressure)
P (also power)
T (also period)
T (also temperature)
λ
f
q
V
I
R
C
L (also angular momentum)
E (also energy)
B
f
M
n
Ψ

.0.9 Fundamental constants
gravitational constant
Boltzmann constant
Coulomb constant
quantum of charge
speed of light
Planck’s constant

G = 6.67 × 10−11 J·m/kg2
k = 1.38 × 10−23 J/K
k = 8.99 × 109 J·m/C2 or N·m2 /C2
e = 1.60 × 10−19 C
c = 3.00 × 108 m/s
h = 6.63 × 10−34 J·s

Note the use of the same notation, k, for both the Boltzmann constant and the Coulomb
constant.
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